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FOREWORD

This technical report was prepared for the Air Force Rocket Propulsion .
Laboratory, Edwards Air Force Base, California, by Rocketdyne, a
Division of North American Aviation, Inc. The report covers Phuse II
of Contract AFO4(611)-9714 in accordance with Part I, paragraph B.2.b.(3)
under Project No. 3058, Task No. 305802, and Program Structure No., 750G.
The Air Force Project Monitor was Lt. L. A. Barlock, office symbol RPREE,
The research reported was conducted during the period 1 Ju;e 1964 through
" 31 May 1965 by the Research Department, R. J. Thompson, Jr., Vice Pres-
.Kdent and Director. The Rocketdysne Program Manager was R. B. Lavhead,
wi%k\J. M. Zimmerman and T. A. Coultas as responsible supervisors.
J. D. ‘Beader was tecnnically responsible for the overall effort. (:)
- Ho Ao Friedman was the Principel Investigator, and with B. L. McFerland
developed the mathematical procedures utilized in the resulting digital

computer program. S. Persselin and the Principal Investigator were

responsible for coding the program.
This report hés been given the Rocketdyne identification number R-6050-2,

This report contains no classified information extracted from other

classified documents,

Publicﬁtion of this report does not constitute Air Force approval of the

report, findings, or conclusions. It is published only for the exchange f
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ABSTRACT

An alternating direction implicit finite difference procedure is
developed for solving a general class of two-dimensional fransisnt
non-linear ablation an. heat conduction problems for rocket engine
thrust chamber walls. Engine firing mey be steady or can consist of
multiple sturt or pulsing type modes. The analysis is performed in
cylindrical coordinates (axial and radial) assuming an axisymmetric
multi-material wall having arbitrarily curved boundaries and interfaces.
A maximum (due only to computer storage limitations) of five different
wall materials may be treated in a given problem including one charring
ablative material. Temperature dependent properties may be specified
for each material. Chemical reactions within the ablative material

are handled in depth; also surface erosion due to chemical reactions

or melting at the hot gas boundary is treated and the resulting surface
recegssion is predicted. The numerical procedures have been programmed
in Fortran IV for automatic computation on the IBM 7094 digital com~
puter. Comparison of the resultis of sample computations with actnal

engine test firing data is included in this report.
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INTRODUCTION AND SUMMARY

In order to effectively design rocket engine th.ust chambers which

are partly or completely cooled by heat sink or ablative techniques

or evaluate engine firing data from such chambers, it is necessary

to adequately predict the effect of comhustion gas products upon the
vwall materials for the particular geometrical configurations of interest.
In 1963, in conjunction with Contrect Ne. AFO4(611)~8190 (Ref. 1 ),
Rocketdyne formulated a transient one-dimensional mathematical model

of the nechaniams affecting charring-ablative wall materials, i.e.,

heat transfer, erosion, and corrosion. Hcwever, a detailed solution

of the equations was noi attempted at that time.

In April 1964, Rocketdyne initiated a 12-month two~phase program
entitled "Effect of Rocket Engine Combustion on Chamber Materials"
under Contract AFO04(611)=9714. In Phase I of this program, which is
roeported in detail in Ref. 2 , two goals were achieved. First of all,
the equations of the 1563 model were verified. Secondly, a computer
code based on an augmented non-linear trunsient ona-dimensional model
was written to relate the combustion environment to its effect on

ablative thrust chamber materials. -

in Phase IXI, as described in detail in this report, &.finite difference

procedure and sccompanying computer program was developed for solving

[ et niacsTan oM idse o
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o general twu-dimensional extension of the Phase I problem. The analysis
was performed in cylindrical coordinates (axiel and radial) assuming an
axisymmetric multi~material solid with temperature dependent properties
and arbitrarily curved bcinadaries and interfaces. A maximum of five

wall materials can be handled in the computer program including noc more
than one charring ablative material. Surface erosion of the materials
due to chemical reactions or melting at the hot gas boundary is also
treated in tho program and the resulting surface recessior is predicted.
411 heat fluxes at the boundaries and material intérfaces are expressed

in terms of normally directed temperature gradients.

There are already in existence several one-dimensional and two-dimensional _
programs for analyzing ablation and heat conduction problems, but none (:)
it is felt provides adequaie methods for handling these normal g.dient
conditions at curveQ boundaries and interfaces. Furthermore, in most
previously existing programs, an explicit forward difference analog is

used to simulate the energy equation in each time step. In order to

avoid numerical instability with this mothod, it is often nacessary to
smpioy prohibitively small time steps. In the present pregram, on the
otker hand, a generaliczation of the unconditionally stable implicit
Peaceman-Rachford alternating direction method {see Ref. 3 for basic
ﬁechnique) has besn employed to discretize the energy equation in con-
junction with special second-order accurate techniques for simulating

normal gradient conditions at curved surfaces. Coupled to the solution

-y - e e e i e e s
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of the energy equation for the temperature distribution in each time

atep is a finite difference solution to the first order two-dimensional
mass continuity equation for the mass flow rate of the generated pyrolysic
gases in the inteinaily charring ablative material. The gas mass flow is
assumed to be zero at each interface separating the raegion from other

s0lid materials.

In formulating the model and developing the numerical solution, the )
following assumptions were made concerning the charring ablative materials
1. There is assumed to be a2 single continuous charring material
which is described by a continuous rather than an interface model. Thus,
the moving pyrolysis zone, which separates the virgin material from the

char residue, is distinguighable only by the temperature range within
vhich the pyrelysis ireaction takes place.

2. Chemical reactions occurring in the charring region are treated
in depth but are simulated thermodynamically in the heat storage and
gas enthalpy terms of the energy equation. They include a maximum of
three gas generation reactions plug ¢racking of the generated gases. In
addition to pyrolysis, a char-reinforcement reaction and a.further decom-
poaition of the so0lid product ¢f this reaction can also be handied.

5. The porous char is' cooled convectively by the pyrolyeis gases,
tho gas and char tempsratures at any point veing assumed identical.
Condisetion of heat within the gas is taken to be negiigible in comparisen
with that in the char.
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4. All momentum effects and thus consideration of a momentum

equation are neglected due to the two following assumptions:
a) negligible gas density relative to that of the £014d material
b) orientation of the gas mass flow vector in the char with
the temperature gradient rather than the pressure gradient _

vector (unier certain conditions, further restrictions are -

placed on the direction of fiow),

The heating and cooling mechanisms incorporsted in the model and handlsd
by the program include engine firing, eavironmental heating, radiation to
the environment, insulation, chemical reaction and melting uf the hot

gas wall surface, blocking of the h?t gas_b;{ the generated and tran-
spiring gases at the boundaries, chemicel reaction and convective cooling
(discussed above) in the charring material and conduction within each
wall material and acroas ;aach material interface. Intermittent engine
firing with soakback is also treated ineluding both steady firing and
high frequency pulsing. Tke latter is simulated in ropresentative tinme

periods by reduced values of the convective heat trangfer coefficient.

The principal parameters compuied ang printed out at preassipned time
levels are the temperature distri‘hy:itien throughout the wall materials,
the gas mass flow rate at the hot surface of the charring ablator, and
the new surface poaitions of the receding hot gas boundary. Also computed

and optionally printed out ars effective heat transfer coefficients at the

S e e o s
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wall boundarfes and (both axisl and radisl) mass flow rates within the
ragion of charring. Finally, a msirix 4s supplied at the termination
of the calculation of the maximum temperature achieved at each compu-
tational poiné within the charring material. This 4is particularly use-
ful 4n case of multiple atart.: or pulsing operations. Input requirements
include the temperature dependence of the physical and chemical properties
of the wall materials, the axial wariation of the various surface heat
flux and hot gas surface erpsion parameters, and explicit piecewise -~
quadratic functions describing iie nozzle wall configuration. Also
required are the initisl thermsl zondiiions as well as the composition
of the charring matg;ihl.

-
-

Progran opt{ona include: (1) up to 5 wall materials, only one of which
may char internally, (2) erogion of the hot gas surface of any of the
materiala exposed to firing, (3) omission of .itier charring or eroding

materials which resnlts in a atraight conduction analysis.

In this report a brief description is given of previous wori: in the

area of two-dimensional: transient ablation calculations and a comparison
is drawn with the present Frogram, a discugsion and derivation are
preserted of the ablation and heat conduction equaticns, the numerical
procedures developed to solve the equations are described, and the
egsentiala of the computer program are discussed. The results of several

prograrn coaputations are presented and compared with available expsrimental

. e i & b o A e
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test data, and typical exampies,of computer runs are described in detail.
Finally, recommendations are given for further development and imple-

mentation of the two-dimensional program.
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PREVIOUS INVESTIGATIONS

The widespread utilization of ablative materials for nose cones of re-
entyy ‘7ehicles and for rocket engine thrust chambers has stimulated the
development of analytical methods for predicting ihe transient bshavior
of such materials.. As described in Ref. 2, a number of analytical

msthods have been developed for handling one-dimensional models in

either rectansular or redisl coordinntes,

On the other hand, relatively little effort has gone into the develop-
ment of mul‘ti-ﬂimensional models which are needed for a more accurate
description of heat transfer phenomena in the complex geometry of actual
mulﬁ-:gaterial thrust chamber walls. In what follows we give a brief
s}mmary of previously developed multi-dimensions] models, as discussed
in available literature, ineluding the use of tha@ analyzer computer
prograns, models developed primarily for nose-cone applications, and a

:Eecen:t two-dimensional nozzle model. A comparison is then drawn of the
capabilities of the computer cede developed in the present Phase 11
yprogren with the others descrided. N

-

THERMAL ANALYZER COMPUTER PROGRAMS

Rocketdyne has made extensive use of modifisd versions of two thermal
anglyzer digital computer programs, namely TIGER (Ref. 4) and TAP

(Bef. 5 ). Both of these programs perait the solution of multi-

v

% ek B e T e A T oAb e M et — ) S T T e T et o m s - R ey




dimensional heat conduction problems for multi~material walls and
structures. Surface boundary conditions may consisﬁ’of radiation and/or
convective mc¢ *28 of heat transfer. An explicit finite difference solution

technique, sudrject to the usual stability criteria, is utilized in beth

. /
/
programs. :

The TAP progrem ig the more versatile off{;e two ‘since it can handle
temperature~dependent physical properties, a wider yariety of surface
boundary conditions, and can more easily approxlmate cylindrlcal co-
ordinate systems. However, like the TI@ﬁ% program, it ig not suf-
ficiently wvevesatile to solve thg problems:of 1nterest ‘to the present
program, namely those involving solid materizls which are subject to
internal charring and/or surface ablation, without considerably over-
simplifying the astual physical and chemical processes. Furthermore,
the user ot the TAP program must, after selecting the positions of ths
nodes, submit as input to the program the coordinates of each node as
well as all the corre-vonding capacitances and conductances. For complex
geometries, the necessary pre-calculations as wgil as the writing of
data sheets can be quits time-~consuming. As will be discussed in detail
later, the computer program presented in this report automatically sets

up the node poirts 80 as to minimize the required pre-calculations.

MULTI--DIMENSIONAL COMPUTATION METHODS FOR NOSE CONE TYPE PROBLEMS

Hurwicz, et.al. (Ref. 6 and 7 ) have described multi-dimension computation

R )




schemes for electronic analog computation which have been developed

to solve particular simultaneous ablation and heat conduction problems
for re-entry structures. In order to handle surface recession, a
shrinking coordinate system ié utilized in conjunction with the usual
finite difference gngtions. Typical calculations for several structures
indicate the signif;cant differences between more exact multi-dimension

calculations and one-dimensional approximations.

TWO-DIMENSIONAL NOZZLE MODEL

McCuen, et.al. (Ref. 8 ) have developed a twofdimensional single-
material computer program primarily for applization to non~melting,
non-charring nozzle throat inserts. The surface exvosed to the hot
combustion gases can, however, recede due to chemical reactions con-
trolled either by mass transfer or reaction kinetics. A maving co-~
ordinate system is used in ;;njunction with an explicit finite differ—
ence technigus. Only one wall material may be specified, but a variety
of internal wall boundary conditions are possible. Temperature-dependent
material properties can be utilized including directional thermal

>

conductivities to simulate anisotropic materiéis.

\

COMPARISON WITH PRESENT PROGRAM

The numerical procedures described below and the resulting computer

code developed in Phase II of the present program are more comprehensive




in many important respects than those proviously available programs
discussed above. Charring, for example; is handled in the present
program as a two-dimensional continuous process and not as a dis-
continuous interface reaction; on the other hand, except for the
Hurwicz program, which is not applicable to rocket nozzles, charring
is omitted in the other programs. In this connection it should be
mentioned that a version of TAP has been adapted at Rocketdyne to
simulate charring by effectively lumping all gas generation and con-
vection effects in the storage term of the energy equaticn. Of the
programs discussed above, only thé McCuen code includes the effect of
boundary curvature in the normal temperature gradient conditions at
the hot gas surface, by all means the most impertant region, through
use of a radial curvilinear transformation. The present code can
account for curvature at all boundaries. The present program employs
an implicit / .nite difference procedure to solve the energy equation
»v " thus avo '~ " 'miting the size of the time step used in order to
insure the stability of the numerical computation. This limi%ation
exists in the other programs availabis sxcept for that of Hurwicz
which requires no discretization of the time derivative at all, being
an analog procedure. Usually an implicit methed requires a time con-
suming iterative solution in each time step, but, as discussed below,
the alternating direction method (ADM) used in the present program
generates u tridiagonal system of equations in each time step which can

bs solved directly by well knowr recursion formulas. Althoagh the

10




explicit method is between two and three times faster than the ADM in
each time step, the ADM can often use a t.me step as much as 100 times
larzer than that needed for the explicit method and is therefore general-
1y much more efficient. One excellent f¢ ture of the McCuen code not
treated in the present analysis is the avility to specify different

thermal conductivities in the axial and radial directions.

The comparison between the presently ravorted code and those discussed
above is summarized in Table 1, where "2L -ABLATE" is uged to designate
the former. The full name of the code riported here is Two~dimensional
Charring Ablation Program. The Hurwicz code is ‘omitted from the table
due %o its analog rather than digital natrve and its non-applicability
to rocket engine thrus% chambers.

11
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Table 1°

Comparison of the Present Program With Some of the Previous 2D

Conduction and Ablation Codes

2D-ABLATE
(presently reported
TABLE TIGE TAP  McGUEN code)
Transient yes yes yes yes
Conduction ,
Charring no no no yes
Surface no no yes yes
Ablation
More than . yes yes no yes
one Material °
Temperature no yes yes . yes (:)
Dependent : .
Properties
Finite Dif- explicit exp. exp. \. Implicit alternating
ference Method direction method (ADM)
Numerical conditional cond. cond. unconditional
Stability
Normal Flux at no no . yes yes
Curved Boundaries
Anisotropic no no yes no

Conductiviﬁy

12




MATHEMATICAY, MODEL

PRELIMINARY REMARKS

A tvo-dimensional transient mathematical model is developed below des=-
criblng the coupled conduction and charring ablation mechanisms which
are irduced in the walls of a rocket engine thrust chamber during engine
firing, It is assumed for the presénta.tion that the resder is familiar
with the descriptive motivation and discussion contained in Ref, 2 , the
final report of the first phase of this progrem. Thus the discussion
presented here will be limited to those areas in which the Phase 2 model
differs from the Phase 1 one-dimensional model, These include the extra
dimension, the thermodynamic sirulation of the chemical reactions
occurting within the ablative material, the omission of all momentum
effects, and the degree ¢l assumed knowledge of the material properties
of the charring ablatiive material.

The general approach teken is similar to ithat of Ref. 2 in that internesl
charring is treated in depth. Both heat flow and gas mass~-flow are
handled in two-dimensional cylindrical coordinates, nowever, using the
assumption of axial symmetry to restrict their spatial variation to the
¢xisl and radisl directions.

13




In this section we will describe ‘the major features of the mathematical
models Further details, such as the basis for the thermodynamic simula-
tion of chemical reactions in the energy and continuity equations, ave
given in separate appendices at the end of the report.

The equations developed are presumed to hold in rezions bounded by auite
arbitrarily curved boundaries. In practice, the overall multi-region
configurations are limited to tho;se typical of the walls of rocket engine
thrust chambers. Similarly the boundary conditions utilized reflect the
heating and cooling mechanisms which describe the thermal enviromment of
the chamber walls during engine operation, Figure 1 is a sketch of a
typical thrust chamber vall configuration in cross-section, along with
examples of the heating conditions encountered (in Fig. 1 the receding
hot gas boundary is indicated as well as the normel end tangeatial
directions assumed for the materinl regions).

ENERGY, CONTINUITY, AND RECESSION EQUATIOKS

Using cylindrical coordirates (axial and radial), the energy and contin-
uity equations, respectively, can be written in the follewing form for o
charring vall. mterial (see Appendix A for jJustification):

14
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vwhere i ranges over the chemical reactions taking plece within the
material. For a non-charring meterial, in which no reacticns and thus

no gas mass flow occurs, Eq. ( 2) does not apply and Eq. ( 1) reduces to

pg%é%(ﬁ(%ﬁ-}-}%%(ﬁ%} . y (3)

Using the following expression for the density p of the charring

the purc conduction equation:

material (see Appendix B for the derivation)

pap (a-F sty) +~p {Qa-r )F

C,8 rs sc decsc] ’ (%)

we may cubstitute in Egs. (1) =u2 (2) to obtain the following more

convenient expressions:
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ms d"" "'p&[Qsc ru,s'}rr,s

dT
(sc dec dT *q'dec sc d'I' ]}

or
“%(*‘%) (yKM) z?_,% G, %’;— , ’ (5)
Continuity '
dF bF oF
p;:rres —a‘;’u [(Tc, s"'rr, ) Fiec 'Fr_ + Foe -3@2

= '&? '!' (‘.VGy) - ‘ ] ’ (6)

Consideration of a momentum equation is aveided by the use of two
assun,"gtions. Strictly speaking, £g. (%) is an expression for the
density only of the poxous solid materizl in ihe cher zegion and not of
the entire region. The missing term, the density of the gas, is assumed
to vary so slightly with time that the derivetive of this quantity can
be neglected in the continuity eguation. Its elimination from the energy
equation, on the other hand, is effected algebraically as shown in
Appendix A, The only remaining dependent varisbles (other than those

and G .
/2

parapeters with knowvn temperature dependence) are T, Gy

The second basis upon which momentun considerstions cen de eliminated is

the assuzption that the orizntation of the gus mass {lowrate in the char

17
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region is in the direction of the temperature gradient vector,¥rather
then the pressure gradient vector, as indicated in the following eguations

GX/Gy = g% / gﬂ?; (= R(x:y:fr)) o (n

In the energy equation, the gas cracking reaction is simulated in the

convection terms by mﬁr.iting % and %

dH of an of
as T x and ﬁg where H
is assumed to be a known function of temperature and includes the effec-
tive heat of cracking as well as the integral with respect to temperature

of the gas specific heat at constant pressure.

Al physical am chemical materisl properties appearing in Egse (1) -
(6), i.e., By Foor Faewr B PG and §, are assmed to be imovn
functions of temperature.

In the case of surface erosion, one more dependent varisble of the analy-
sis must be accomz‘bed for, nemely, the changing radial position,

¥ = 2{x,7), of the receding hot gas boundary (see Fig. 1). The fol~
lowing differential equation relates surface recession to the surface
erosion mechaniemss:

(3 ;!,, el
3 {EGJ 1@—3/2 (8)

vhere 1 ranges over the species of gas or liguid gsicrated at the sux-
facr: and does not include those generated within the moterial and ejected

1% direction of flov may be further restricted as discussed on page 65
belowe

/

4
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at the surfece. Thz values of Gif. are determined through a temperature
coupled analysis of the erosive mechanisms occurring at the swrface,

This s discussed below in thes section cn initial and boundary cundi-
tlonse In Ege {8), P is the density of the deccuposing wall material,
The minus sign on the right side of Eq. (8) is required because of the
negative orientation of the mass flowrates, Gy.

INITTAL, AND BQMBE CONDITTONR

In order to complete the ;peciﬁ.cation, of the model, given in part by
Eqs.' (5) - {8), shich determines the temperature distribution through-
out the wall materials and the mass flowrate distribution in the ablative
materisl, and in order to calculate the positions of the receding hes gas
baundgry due to surface erosion, it is necessary to specify initiasl
values for these parameters and boundary ccnditions which descrive the
thermal exchange between the wall matexrials and their izmediate 3

enviromment. . - .

i <

For purposes of the present analysis, a:L'!. wvall materisls are tekxen ini-
tmwwWatsm@mmmm. After firing commences, the
wzll materials are assumd to be heated at the hot gas boundary by con-
vection, but are permitted to radiate tothemcmﬁm, Tha other
boundaries may be either insulated or radiating surfacese.

19
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In addition, allowance is made for the"possibility of a known heat flux
at certain portions of the boundary due to heating or cooling by the
~ outside environment (e.g., aerodynamic heating by the atmosphere during

re-entry). Tinally, perfect thermal contact is assumed at interfaces

common to two adjoining materiels, which implies continuous temperature

end heet flux distributions across the interiace. Heat is transierred
through '1_-,he walls by conduction only until some point within the intex-
ior of the charring material reaches its minimum pyrolysis temperaturc.
After subsequent generatior of gas and formation of a porous char within
the material, convective cooling takes place due to the flow of gas
through the char. In addition, heat is lost or gained through the
process of gas generetion itself, Similarly, all the heat brought to
the wall at the het gas boundary is conducted away from the surface into
the interior until scme exposed surface point of one of the wall mate~-
rials (or the char rc~idue in the case of the charring meterial) reaches
its minimum decomposition temperature. Then some of the heat is absorbed
at the boundary ac the surface erodes (or perhaps released, depending
upon the reaction that takes place). In addition, the surface heating
is diminished by the so-called "blocking effect” of the gases ejected
into the hgt gas stream, including those generated both at the surface
and within the charring mate ~ 1.

20




The qualitative discussion gliven above of the driving mechanisms for
the initial and boundery value problem under discussion can be expressed

more formally in sumnary, as follows:

Initial Conditions

(x,y,0) = To (9)

Gy(x,y, 7) =0 for T(x,y,T) < pr (10)

£2(x,7) = £ (x) for T(x,£(x,7),7) ST (11)

dec :

vhere T Tde and pr are known constents and fo(x) is a known
function of axial distance. After the beginning of pyrolysis, Eq. (10)
can also be treated as & boundary corditlon by restricting ettention to

those points (x,y) in the charring material for which T(x,y, T) = pr.

Boundary Condition

If n is taken in the outward normal direction at a boundary (see Fige.

1), ve may write

K B'zi' = Dopp(Tay~T) + Z (agde; (12)
where
h + h + h
conv rad
heff = (15)

0 at insulated bounde.ry
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Equations (12) and (13) comprise a convenient formulation or all the
bourndary conditions on the perimeter of the multi-material wall being
analyzed. For example, T ., h. ., and the species summation (vhere
the range of i 1is the same as in Eq. ( 8)) have physical aignificance
only at the hot gas surface exposed to engine firing., At other bound-
eries they either are zero in Eq. (124) or cancel out, For example, in
the case of a surface at temperature T radiating to an environment et

temperature T, ., we have h =0, the radiative term in Eq. (13)
is expressed by

B mf( Tu'Tgnv)

- - L (k)
rad Taw'T

and (if there is any envirommental heating) we have
%anv

h = . (25)
env Ta. - T

Thus, when Ege (13) is substituted in (12), h and T . do not

conv

appear, In Eq. (12), T, 18 & known function of x, K is a known
function of T £rr each material, and the (Aai) are known constanis
for each material, The Gi are determinzd by a method developed at
Rocketdyne {see Ref, 9 and Appendix C) vhich combines many of the

features of the Surface Kinetics Method discussed in Ref. 2 with a

éiffusion approach. In Eq. (13), the term h cony icludes the
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following modifications of the basic heat transfer coefficient, Econv’
due both to simulation of intermittent engine firing with soakback and
to the "blocking" or "blowing effect" of the gases ejected at the hot

gas surface:

a

- 2 J
Boonv = Fonl™Boony(*) = = SG‘;J /Cpm> G, . (16)
J

In Eq. (16), F_ (%) is a known step function which takes on constaat
values between O and 1 in order to wumulate "on" time during representa-
tive time periods of intermittent steady firing or high frequency
pulsing with soakback, end Econv is a known function of x. The
sumation in Eq, (16) is taken over all gaseous (only) species ejected
at thu surfaece, ’:anJ.uding those generated internally as well as at the
surface. In the blocking term, B, ch’ and the n 3 are known constents
and the H j are known functions of tmerature.. For the gases gener=-

ated at the surface, the G, are obtained as described in Appendix C

J
and for the internally generated gas, we have

2
G = (62 + Gf,) . an
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Interface Conditions

At an interface separating waterial regions I and J, the continuity
of temperature and normal heat flux conditions are expressed in the
following form:

v o1

- v a.['i {
1% A&t o (18)

vhere the minus sign results from the opposite senses of the cutward
normal directions from meterials I and J.

The complete initial and boundary velue problem that has been solved
numerically and coded for automatic computation is given by Egse (5) -
(18) along with subsidiary equations from Appendix G for the mass flow=

rates of the gases and liquids gererated at the hot gas surface,
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HUMERICAL SOLUTION OF ABLATION AND CONDUCTIOR EQUATIONS

GENERAL APFROACH

The two-dimensional transient nonlinear boundary value problem of abla=-
tion and heat conduction defined by Egs. (5) - (18) was solved numer-
ically using finite difference techniques. The second order energy
equation was discretized in accordance with a virtuwally second orxder
generalization of the unconditionally stable implicit alternating-
direction method of Peaceman and Rachford. Generalization and modifi-
cation of this method were required for several reasons, including:

(1) the nonlinearity of the equation and boundary conditions; (2) addi-
tional. gas generation and convection terms in the egquation due to
charring; (3) coupling of the energy equation with the continuity and
;'eceasion equations; (4) handling of more than one materiasl; (5) the
treatment of normal temperature gradient conditions at curved bounda-
ries; and (6) the changes in boundary geomotry due to surface erosion
and recession. The first order continuity equation, on the other hand,
wag aoproximated to first order in time using a backward difference and
to second order in distance. Because of the backward time difference,
the res-\‘llting set of difference equations in each time step can be
solved explicitly by proceeding from the vicinity of the char front to
the hot gas surface with a four point formula. l
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The recession equation, i.e., Eqe. ( 8), was discretized using a forwerd
difference approximation for the time derivative. Due, however, to the
iterative method described n Appendix C for evaluating the Gi and
nev values of the redial position, y = £(x,7), of the hot gas bound-
ary, the time difference approaches a second-order central difference

approximation,.

The ase of essentially central or backward time differences in the

finite difference version of Bgse. (5) - (8) should guarantee that the

solqt:i.on procedure will be unconditionally stable with respect, to the

time step procedure used in the interior of the material regions. (The

stability of the distance step procedure, on the other hand, used

within each time step to solve the continuity equation, has not been C)
estabilished., ‘As a matter of fact, a hanogeneous linearization of the

difference equation has.been shown to be unstable,)

As a result of the high values of the heat flux encownter=d at the hot
gas boundary during periods of steady firing, limitations are imposed
upon the size of the time steps utilized. In general, however, these
limitations are not nearly as severe as that required for an explicit

discretization of the energy equation, and are not necesgsary at all

during periods of sparse intermittent firing or during soakback,
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Uncoupling of the aquaticns is achieved in each time step by predicting
first the new position of the receding boundary (vhen recessicn occurs),
then the two-dimensional tezperature distribution, and finelly the mass
flowrates in the charring material. Only one such calculation cycle is
performed in each time step. The only iterative procedures utilized
are local in churacter, such as the recession calculation (see Appendix
C) and a special routine vsed in the computer program for computing
values of the zffective heat transfer coefficient at bjundaries subject

to strong heat fluxes.

Spatially the discretization is achieved through imposition of @ mesh
on the multi-material region of interest. Mesh points are located at

O the intersection of the radial and axial mesh lines with each other
(regularly spaced points) and with the boundsries and interfaces
(irregularly spacsd points). Axial mesh lines must be equidistent, but
the spacing of the radial ;nesh lines can be varisble. The latter
feature pexmits noncentzation in areas of possibly strong axial heat
flux (such as the nozzle throat ragion).

In similating normal gradients at curved boundaries, exact relation-
chips are employed in the usual fashion to relate the normal and tan-
gential derivatives to the axiel and radial derivatives in terms of the

glope of the curve. These derivatives are used in conjunction with the
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physical assumption of no local flux along the curve and second order
spatial dif{erencing to obtain an expression for the normmal derivative.
In the recession procedure, normal recession is actually predicted and
then is coaverted to the equivalent radial recession, ggain in terms of
the slope of the receding boundary.

After the iterative prediction of the new radial positions of the hot

ges boundary (i.e., the nev intersection of thc houndary with the radiasl

mesh lines) , these values are smoothed to conform to the overall con-

verging and diverging charactar of the initisl boundary geometry. Then

first derivatives of the new curve are obtained numerically at the

radial positions. Finally, interpolation is performed to cbiain both

the new axial positions and the derivatives at these positions. This- (!:)
provides the basis for the calculations in the remainder ;f the time

Step .

In the time step procedure utilized, all systems of equations generated
*
are at worst tridisgonal and are easily solved directly or by well-

known recursion formulas.

Explicit details of these numerical procedures are given in the follow-
ing sections.

%A system of linear equations is tridisgonal if its nonzero coefficients
éppear only on the main diagonal and its immediately adjacent diagonals,
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MESH PROCEDURE AND FINITE DIFFERENCE DEFINITIONS

At each level of time T, = T, + 47, , @ Tectangular megh or network
of lines, x = Xy and y= yJ, vwhere X=X 4+ &‘.‘L-l and

y‘.l = Jdy, is imposed on the wall materizls in the x-y plane. 4
typicsl example is shown in Fige. 2 . Intersectioms, (xi,yj), of the
mesh lines are called regular mesh points; and intersectiuns of mesh
lines with boundaries or interfaces are callied bouniary or interface
mesh points. Boundary and interface points are usunliy irregular. A
regular mesh point, vhich is not on the boundary cf the materizl region
in wbich it lies or wm its interface w:I:th another region, is further

termed an interior point.

To approximate the continuous distributions desired, discrete tempera-
ture and mass flowrnte distributions are obtained vhich are defined
only at mesh points and at discrete times Ty Thess approximationg._
are provided by empioying finite differences to replace the time and

space derivatives of Egs. (5) - (18) at the mesh points. Three-level
second order e.ccux:ate differences are used for the space derivatives,
centered at interior points and off-centered at boundary and interface
points. Two-level differences are employed for the time derivatives,
either first or second order in accuracy depending upon the weight
given to the time levels used for the remaining terms of the equations
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in vhich the time derivatives appear. Equations {5) - (7) are ais-
cretized only ai interior points and Egs. (12) axd (18) cnly at boundsry
and interface points. Eguation (8), be:l;:g only ope~dimensional in

distance, is differenced at the axial locations X

For convenience of notation in defining centered space differences at
an interior point, (x ,yj), we assign this point the =ubscrips O
and the four adjacent points fae subscripts A, B, £, and D, as shown
in Figs. 2 and 3, where the lettered points need not be interior

points (Pig. 2 ). We further let d, be the distarce between voints P

" 3 »
O and A, 4 the distence between O and B, etc. (see Fig. 5).

Then centered finite difiference approximetions to the first and second
axial derivatives sxe defined For use in Egs. (5) - (8) as follgws,

vhere F(x,y,7)..is an arbitrary function and where Dpg=dy +9

¢
ad B o= 44D, o,

A,C
%io ] Sok, = [dg-'a,k“'(di'ag)l’o k‘diF.,, (9)
¢ J k .

%
ﬁo - 55‘0 k" 2['31:1'11,1: Dy, cFo,x™a c,k]/PA c ° (20)
sy Tx

The defining fermelas for cantered rsdial differences are 20alogous o
those of Egs. (13} =ad (20) and thus have been cmittel. Using the saxe
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point srrangement, the off~centered (to the left) first axial differ-
ence %t point A (which 3 19eded when A is either a boundary or
interface point) is defined by the following:

'\(") ~ -
%&’- BB}(:)A’a(s-i'dA )Fok

AT
- L0 o aFa, o0, fo, i aTe, VB ¢ ()

Similarly we obtain the off-centered {to the right) difference at C:

{+)
3 af‘*) Py = (8,74 az)Fo .

= = 3680 D%, oo, i3, 90 VB, ¢ (22)

G, T

Both left an. right off-centered temperature differences are required
at an interface poinv separating ina.ter:ials of different tbermal conduc~
tivities for; in such a case, the derivative is in general discontinu-
ous at the interface. Downward ard upward cfi-centered radial differ-
ences are defined asmalogously and are required for similar reasons.
All the expressions defined above are accurate to sscond order and can
be derived by manipulacion of Taylor series, truncated after the Guad-
ratic term, expressed at each of the points A, B, C, and D about tha
point O,

The time differences used in Eqs. (5) = ( 8) are defined differently,

'oeing formulated as two=level rather than threze-level expressions, 7o
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aprroximate the derivativ~ with respect to time at any mesh point O

in the (k-i-l)th time step, i.e., in going from time T, to time

k
Tk-l-l’ we use the following definition (where, for convenience, we drop

the subscript on AT):

¥f ~lom " Fox

0,k or ’

k€E<skel (23)

The derivative in Eq. {23} is taken to be at same time Tz between T,
and T, ... When E is x or Wl exsctly, then Eq. (23} is a for-
ward or backward difierence, »aepietivaly, wnd provides only first
cxder accuracy. Ouly vhen R« 1% doss the expression give full
second order accuracy. The value of X is cutermined in a given dis=-
cretization by the weighsiug factors azeigued to the spatial differ-
ohces and the other tima-varylig terms ol thy equation at each time
devel. Tf, Jor axeple, the spetial differences were assigried weilght

o wb time 7, and velght 1 ey ume 7 then ¥ would assumd

Bkt
e uaive kede IR wi teorm & Oiprrsvizntion stehle when errors do not
oo Saplug The codoulation regulmd for its solution and call it uncon-
ditlonaldly sownim waer. 3 lg etwbln Lor any eize time step used, then
gemerally vneosiitioml stebility 1s assured only when £ 2 k. In
the nent seciim, Through vge of the simple linear two-dimensional

swsusdent hest conduction equation, the various possibilities for k
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are illustrated and a stability analysis is indicated. Included is a
comparison of same of the commonly used difference methods with the
alternating~direction method, vhich for the linear case, effectively
yields a value for k& of k¥,

DIFFERENCE SCHEMES FOR SOLVING THE LINEAR CONDUCTION EQUATION

As indicated above, the linear two-dimensional transient equation of
heat conduction, which follows, is a convenient vehicle for illustrating
sone of the many two-level finite difference methods for solving para=
Yolic partiel differential equations such as the energy equation
expressed by Eg. (5):

. (24)

Most of the cammonly used discretizations of Eq. (24) can be repre-
~ sented by the following two-parameter family of finite difference equa-
tions (for vhich we assume a constant mesh size h = Ax = v and, as a

matter of convenience, omit spatial subscripting):

T .=
1 “kel Ck 2 2 2 2
S—m— " raxa'kﬂ-»saymkﬂ»,(l-r)axmf(1-e)a y'.vk . (25)

Here r, 8 are weighting paremoters which lie in the closed interval
[0,1] end whose values determinu the level of the time difference,
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i.e., the value of k (as defined in the last section). In general,
ve may write

Ewk+ (e8)fz (26)

Thus, for example, vhen r = 8 = O, the most familiar form of Eq. (25)
is obtained, the forward difference equation. In this case we have
k= ¥ and only first order accuracy is provided by the time differ=
encing. The forward difference approximation is .also referred to as
explicit because uach application of 1t contains only one unknown
(temperature at time 'rk+l) and each member of the system of equations
generated in each time £..p can be solved individually.

If ve designate a numerical scheme for solving a system of finite
difference equations as stable (in time) if errors do not grow during
the calculation and unsteble if they do grow, it can be proved that the
explicit scheme (r = s = 0) is stable if and only if the following
inequality holds:

2
prsis (27)

(A stability analysis of Eq. (25) for all values of r and s is

given in Appendix D.) Inequality (27) is often written in terms of

tke modulus R = EA—;- » &8 follows!
h
P (28)
hz

. ”
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Because this condition is not met for all values of AT, we say then
that the explicit method is oaly conditionally stable, This restric-
tion is, ia some cases, more damaging than the first oxder truncation
error incurred in using e forwerd difference. In fact for large values
of 9-2, the scheme may ﬁot be useful beca{xse of the excessive number
of t?me steps required despite the brevity of the calculation in each

time step.

By set’ing r =38 =1 in Eq. {(25), we obtaian the implicit backward
difference anslog of Eq. (24), which, although stable for all possible
values of R (i.e., unconditionally stable), is only first order
accurate in time, Kk taking on the value k+l., In this case simulta-
neous systems of difference equations are generated in each time step
containing as many as five unknowns each. Such systems are very time
consuming to solve, usually requiring iterative procedures for most

efficient treatment.

For r=o=® and thus E = k¥, Eq. (25) reduces to the well-known
Crank=Nicolson method, which in addition to being unconditionally stable
is second oxder accurate in time., The simultareous systems of differ-
ence equations gererated, however, as in the case of backward differ-
ences, require time consuming iterative methods for solution. 4s a

matter of fact, it 13 evident that &s leng as r and s are both
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nonzero, the systems of equations generated will be of the same form,
requiring iterative solution. If, on the other hand, at least cne of

the parameters is O in each time step, the systems generated will be
tridisgonal and admit of simple recursive solution without iteration
{the form of the general tridiagonal system of equatic.s is given below).
In sddition, as shown in Appendix D, it is necessary for unconditional

stebility that K = ked. Only when £ = k4d does the time difference

provide second order éccumcy.

The only difference schemes which meet all three standards (of gener-
ating tridiasgonal systems of equations, satisfying a necessary criterion
for unconditional stability, and having second order local accuracy in
the time difference) are those for vhich r= 0 and s=1 or r=1
a:zd 8 = 0, If either of these assignments of values is used, however,
and permitted to remain fixed, the resulting scheme stil). will not be

wneconditionslly stable; although the assignment satisfies a necessary

‘condition (k 2 ks®), it is not sufticient to provide stability for all

values of R, However, it is shown in Appendix D that, by choosing
r=1 and s =0 in odd time steps and r=0 and s =1 in even
steps, the difference scheme is unconditionally stable. By specifying
r and s in such a manner, Eq. (25) reduces to the alternating-
directicn method of Peaceran and Rachford. The generalization of this

scheme (given below) to Eq. (5) retains most of the advantages
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desc.ibed here. The systems of equations generated are tridiagonal and
the value of E is kb (before linsarization in vhich coefficients
are taken at time "k) « Although a full stability analysis has not been
performed for the generalized scheme, it has usually been found in deal-
ing with the conduction equation that, if a difference procedure is
stable in the linear case, it will be stable for the nonlinear as well.
As indicated earlier in the report, however, stability of a difference
analog of .he conduction equation does not necessarily extend in general
to the coupled boundary procedure. It hes been shown (Refs. 10 and 1)
that for the lirear equation in.a bounded region, with values specified
on the boundary, the alternating-direct.icn method coupled with the known
distribution on the boundary is unconditionally stable. In the case of
boundary heat flux conditions, however, stability dees uot automatically
follow and, in some cases, restriction of the size of AT is required,

as discussed later in the report.

The results of the above discussion of the four schemes obtained from
8¢« (25) in the linear case are sumarized in Teble2 .

CC:PUTATIONAL PROCEDURES

In each time step of the rumerical solution of Egs. (5) - (18), the

major computational procedures are performed in the following oxder:
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Table 2 , Camparison of difference schemes
for solving the linear conducticn equation

Order of
Diffexence Stability  Value Time
Case Scheme Criterion of k Difference
GAT
Tug=0 Forward OS8R @ -ég < i; K 18t
: (explicit) h
ragal Backvard CERE® kel 18%
Tasss Crank=Kicoison OSRs® ke Zr‘d
r=l, 5=0
and Alternating-direction nd
1m0, gul (Peaceman-Rachford) O<p=e ke 2
alternately
)
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first, new surface positions are predicted (vhen erosion occurs) at the
hot gas boundary; second, the temperature distribution throughout the
wall materials is cbtained at the new time level; and, finally, ges
mass flowrates of the generated:gases axe calculated within the charring
material (after charring begins). The numerical methods exployed in the
program for each of these steps are described in the following
paragraphs.

Prediction of New Surface Positions

First an iterative calculation of the values of the mass flowrates of
the gases and liquids generated at the hot gas boundary Ly decampesition
of the surface wall materials is made, as described in Appendix .c. Then
the following difference analog of Eq. (8) is used to predict the new
radiald positic of the receding surface for each megh line x = Xy in

the time step, e ™ Tead?

£, of
Bk Ty, Jl-»(&xrk)a [ony (29)

In Eq. (29), the swmation index i ranges over the species generated
and spstial subscripting is omitted for convenience of notation. The
jterstion described in Appendix C is performed in such 2 manner as to

approximate the average value of the G, and P during the time step,.

i

o

Q




Thus, the subscript ki# 3is Justified and we cee that, except for the
tine level at which the space derivative of f is obtained, the left
side of Eq. (29) is a central difference,

After prediction of the new positions during a time step, the new values
are smoothed by a reordering process 1o insure the monotonicity of the
converging and diverging portions of the thrust chember as initially
given in the program. In most cases, reordering will come close to
preserving the volume of material lost and is much fastar than anv of
the more sophisticated methods, such as curve-fitting. Moreover,
because generally the raw predictions will themselves exhibit monotoni-
city, reordering will cause fewer unnecessaxry chenges to be made in the
predictions than will most curve-fitting procedures.

Derivatives at the new wall positions are approximated after smonthing
through differencing as defined by Bgs. (19), (21), and (22), tae latter
two being required whenever recessica takes place a2long the right or
lelt extreme redirl mesh lines, respectively. Finally, linear interpo-
lation end extrapolation of the new radisl nositions. and derivatives are
usez t0 obtain the corresponding positions apd derivatives at the new
interaections of the boundary with the axial mesh lines.




Finite "ifference Anslog of the Energy Equation

To 1lw.trate the linearization of the generalized Peacezan-Rachford
alternating-direction method used to discretize the energy egquation, we
rewrite Eq. {5 ) together with an accomparving symbolic scheme to indi-
cate the time levels at which the differences have been taken. {EBere

kX and k32 vrepresent even levels and k+l 2an odd level):

2
- @T d ), werf, @) 8, 2, B) o0
3

g%g d $ .| I Y l $ ¢
oop:  {x) (x) (k)(m) (k) (x) (%) ﬁi’,i) (k)?' () (1) (1) (1) (%)
{ 3 § 1 d { d { 4 $ 3 d I 3
BVEN: (x (B (= (xa x2) (x () (xe)x x (x (eel)(x (%
+(~1) il) :-JJ( ) (x+2) (¥32) il) (x41) Ekng 4&;5-13( )‘(\l)\(\?)

For exarple, in elther an odd or an even time step, the symboi (k+l)

shove means that the 4ifference analog is taken et time level 'rk +

syzbol (X)x(k+l) wmsans that & product of derivatives has been

differenced, cne &% time level T, and the otherat T, .. (k-t«l)2

esns both differences in a product taken st time level ‘rk A1?

s used as befcre to indicate a tine level bhetween k and k+l &t

and k

vhich a time difference hes hean taksna

The difference analogs of Eq. (30) st an intericr point O (see Figs-

2 and 3), ir cdd apd even tire steps, as indicoted in the symbolic
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scheme, take the following forms, respectively (where the spatial sub-

script O i1is omitted for convenicnce but is understood to apply to each

parameter appearing):

Odd SteEo
T, T
kil ™k By
(pC)qpe y g = KBy + 18, Ty - BT, (e,) ]Bx kel

)]6 ,

* “kay k"'[JAy 0, Ty - 6

Even Step.

(00) Ter2Tied
eff, k+l &t

k+l (G )

8 j
* K ka+2 [ & 18y e BTy Y k+1] S Tker  °

In Egs. (31) and (32), (pc)eff

of g—T,; in Eq. (5 ) and is discretized as followe:

(pc)eff k™ (pc),-;-prpv res T (pr)k-'}

¥ [
ws[Q'sc[rc, s+ r,s =1+ Fdec(" )]6 (Fsc)k_i
' * Q3ecfs (T k)sme(Fdec)k_é} ’
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(31}

K’k 5 N +[Kk Eﬁﬁﬁ'}.‘(g)
+L X kel +1 b4 k+l Bka+l X k+l" X"k+l
(32)

1s an abbreviation for the coefficient

(33)
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vhere 8. (F,) is defined for each gas generation reaction i by
Toax ¥k

(F ) a Fi(Tmax, k) 'Fi(Tmal, k-l) . (34)
Toax ' xed Tonax, k" Tmax, k-1

®

We use 8, (Fi) in the discretization rather than the derivative

max - ke-®

of the known function F,(T

e, k) despite the introduction of a third

i
time level, the t.dded comm “er storage requirements, and the reduction
to first order local nceuracy, This is to ensure cbtaining the gas
generation effect, even with e time lag, in the event of large Jjumps

in temperature for vhich intervals of large values of Fi(T ) would
be skipped entirely., This is especiclly likely when using an iumplicit
method due to the possibility of using large time steps which would not
be permitted for an explicit method because of stability considerations,
Also, we use Tmax ag the argument of Fi because the gas generation
reactions are not reversible and, in case of a drop in temperature at

some point, no more gemeration can occur there until the temperature 1s

raised back to the maximum thus far attained.

!
The use of 5xﬂk/5x!['k and f’}ﬁku/by""ku . instead of H'(T,) and
HY(
B

Tk+l) in Egs. (31) and (32) is similar in motivation to the use of

. (F,) « It ensures the inclusion of all heat absorption effects
Tasx Yx-d
vhen the distance increments uged are so large that intervals of large

H'(T) might be skipped. In this case, moreover, we are able to retain
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second order local accuracy and the storage requirements are not

increased.

It is evident from the definition of the differeuce (perators B and

2

8~ that,¢for each interior point O, Eq. (31) is a linear slgebraic

equation in the three unknown temperatures Tc, k41 To,k-p-l’ and TA, kel?
end Eq. (32) is linear in the unknuwns Tp, k2’ 0, k2t 902 Ty peppe
Furthermore, since for all interior points O, the adjacent points

A, B, C, and D will ultimately include all boundary and interface
points as well as the interior points, we will be left with many more
unknowns thin equations. In crder to make up this deficit, we obtain
difference anslogs of the boundary and interface conditions ut each of
the respective boundary and interface points. The procedure usefl to do
this, particulerly in the case of curved surfaces, is the subject of

the next section.

Normal Gradient Procedures at Curved Boundaries ani Intsrfaces

As indicated above, difference analogs are required of the normal
gradient conditions expressed by Eqs. (12) an? (18) at the boundary and
interface points in order to generate as many equations as there are
unknown temperatures. In obtaining the added equations, we must be

careful not to introduce any turther unknowns to the system, or, if ve
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do, to provide a means for their elimination., In both Eq. (12) and
Eq. (18), we may rewrite the normal derivative by meking use of the
following exact relationghip, obtaeined through geowetricel ccnsidera-

tions:

2. @E-DIWE . (359

Here y = £(x,7) i1s the eguation of the boundsry or interface .mder
consideration (and can only be time depondent ot the hot gas boundary),
and the plus (minus) sign is used at a lower (upper) boundary, i.e.,
vwhen the outward normal nas & positive (negative) component in ti:
y-direction. We see that Eq. (35) holds even when the slope is infinite
by teking the limit as %% approaches 4 @,

At & boundary point A formed by the intersection of a horizontal mesh
- s With o right lower boundary (see Fig. 4), for example, we substi-
tutr 4. (35) 4n Eq. (12), obtaining

G, &, - 51

(oge) [(T,) T3] + ; (8, (0 =%, 3 . (36
e

10 gecond order using

nd
To discretize Ba. (36), we sepliecs %i\g

s
!
&

of,")mA, the left off-centcred &£/ ffavensy 83 siven by Eq. (21). WHe have
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Fig. 4 Location of Boundary Point A Appearing in Eq. (36)
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no similar expression for g‘r] » bovever. If, for example, we express
A
%‘ about the adjacent interic- yoint O, which is in gemeral its
A
only adjacent intericr point, we obtain (assuming T 4o be quadratie
22

in %) £
xf  Or 3r
a?lA - a;[o th Syl (57)

We see that our position is nov amproved by Eq, (37) due to the appear-
ance of the mixed derivative at O, for which no difference equivalent
has been defined (the reason is given below),

The difficulty encountered at a right boundery point A in expressing
%‘TJ-’A or, equivalently; in expressing g;—%lo, cza be circmnventeirin
several ways, Those, however, which provide only a first order spzics -
imation to g—f;lA or are not cogpe.t:!ble vith the alternating~direction
method (such as discretizing %—% o directly) were not considered, A
second order procedure for evaluating %’A, patterned after a msthod
devised by R. V. Viswarathan for soiving Poisson’s equation by relaxa-
tion (see Ref, 12), was attempted in the program but was discarded due
to the poorly conditioned system of difference equations it genersted.
This method, although not applicable here, might be quite useful when
employed in conjunction with other schemes for solving the energy
equation, A complete description of its use in comnection with heat
conduction problems can be found in Refs. 13 and 14,
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The mathod finally employed to simulate normal gradiont conditions at
curved boundaries requires, in addition to the expression given by Eq.
(35) for % at a curved surfaece, & similar expression for g%-' , the
counterclockvise tangential derivative and a physical assumption about
the local hehavior of g% o Tae first is the following exact expression }
relating grg to the axial and radial derivatives:

it s e e s e

2@ EDNET . (9

‘The physically based essiumption is the vanishing of the tangential

derivetive at a curved surface

~ut
f

7" 0 A7

which is &ppropriate for most situations erncountered in rockd: gngine .
o8

Egs. (38) aud (39), we obtain the following condition, vhich we uss in

Bq. (35) to eliminate gr; @ in an o4& (even) time step at a bound-

ary or interface point lying on & horizontsl {s=>+4ical) mesh line:

o2 ' e bl x - > a‘
epplicavions due 6 ths Gsunl Guminstics of 332 by 3;’;- s Then, from

%.-%%} . (40)

In an cdd step, we combine Egs. (35) and (40) to obtain

0
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%ﬁ_ni%%/\[“@)‘ (51)
and, in ean even step, we obtaia
C

2206 2

vhere the signs ere employed as in Egq. (35).

Using Bqs. (41) aad (42), ve then obtain the following coniitions, equiva~
lent to Egs. (12) and (18), for use at boundary and interface points on
berizontal mesh lines in odd time steps and on vertical mesh lines in

even steps:

0dd S8tep., At a right or left boundsry point, we have

' z
X % =% gé [ pp(TayT) + Z (a1,)e,1 / \Jl * @ ‘ (43)
1

" At en interface point, we sce that the derivative drops out entirely,
yielding

or a7t
KI &'I = K, &,J ’ (44)

where the minus pign drops out of g, (18) because a8 non-vertical inter-
face is both & lower and an upper boundary.
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Even 8tep. At a boundary we have

2
- K % =+ [b (T -T) + z (a,)G,] /\[1 + @ (45)
1

and, at an interface,
;% 3
s K 3 (46)
131, = %5l
We sce that, aside from the physical agsumption that %TE venishes,
Egs. (43) - (46) are exact.

The discretization of Egs. (43) ~ (46) then follows quite readily., In

an od& step, e ” Tke? ¥ obtain the following.

Left Boxmda_.z:v Point C,.

of P
X, Es o,k = % BIL eff) [(Ta. C“Tc, a1
)

| — (47)
‘ 3
; ’ § (1m,) (o) ) /,l G D

5 Right Boundary Point A.

of
K, E A,k+l =i |, {( eff) [(Ta “Th 141
A

daff ¢ (40)
+ g () (0 32+ (;IM) :

52

MW m e e t— st = e - ———




Interface Point P (with region I on the left and J on tke right),

(K: a()mpkl-(x) a(*)mPkl . (49)

In an even step, Tk+l - 71:4-2’ the following equations result:

Lover Boundagx Point D,

- KD 2"'1 (+) D k42 = {(h f)D E [‘(Tou) T -+Oj (50)
2
+§(AE1)D(G1)1) £ YN+ ( f kd-l)
Upper Boundary Point B,
- K, hla;’)TB,m-z - lngpp) B, Bl [(Taw) =B, "y
B (51)
+ ; (AHi)B( ] /(1 + @:—'B’k N o
Interface Point Q.
(KI)Q y 75 3(' g T2 = & ) ,k+16§'+) k2  ° (52)

The use of k 4n Egs. (47) - (52) 4ndicates that, uoder certain hest:ng
conditions, local iterations are performed ia order to obtain averagst.
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values. Except for the case of surface erosion which is discussed in

Appendix C, these iterations are performed using the same boundary

formula, but explicitly discretized. A new value of temperature is

predicted at the boundary point and then he £f and K are reconputed

using an average of the predicted temperature and its velue at the old

time level: For the present ersion of the computer program, the last !
term of Eq. (51) vanishes, surface erosion only being permitted at 1;he

hot gas boundary.

In an odl time step, then, we see thet Eq. (31) with Egs. (%¥7) - (49)
provides complete linear systemé of algebraic equations (one for each
horizontal mesh line) with as many equations as unknowns. Similarly

Egs. (32), (50) - (52) generate complete systems on vertical mesh lines "

in even steps.

Only two steps in the method used to obtain velues for temperature at
all the mesh points ina each time step remain to be described. First,
we will treat the tridiagonalization of the systems of equations gener-
ated by the above .pracedures and the recursive solution of each trans-
formed system.\ Secondly, & brief discussion is included of the
methods used 40 calculate the temperatures not obtained by the recure
sive sclution, that is, the temperatures at the irregular points on
vertical {horizontal) mesh lines in «dd (even) time steps (in the

case illugtrated oy i"ig. 2, for exsrple, w2 require additional pro-

cedures to obtain T, in even steps) .
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Tridiagonelization and Recursive Solution !
In order to take advantage of simple recursive procedures for solving
systems of linear equations, we wish to transform the systems generated
by the procedures discussed above into tridiagonal systems of equations.
A tridiagonal system is one whose coefficient matrix contains nongero
elements only along the main diagonal and its immediately adjacent
diagonals. Such a system, say consisting of n equations in the n

unknowns, u, s i=l;...n; cen be charactsrizad as follows:

blul + clu2 = d1
a2u1 + b2u2'+ 02u3 ~ = d2
a3u2 + b3u3 + c3u4 = d3
e et ----- (53)
azuz_1 + bzuz + b‘uz+l - dz
an-lun-a * bn-lun-l + °n-lun = dn-l
anun_1 + bnun = dn

The solution to system (53) is obtained by the following recursion scheme
(also defined in Refs. 3 and 15), which can be eusily derived using a

direct Gaussian elimination scheme such as the compact Crout methods
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a,c
ab-m,‘=2’ou-’n

» £=2’.oo’ n

d.~
7 =} (54)

c,u
u, = 2 -—L'&'tl"’ l:n-l,..., 1

For a given mesh line in, say an odd time step we see that the systenm
of equations generated by Eqs. (31) and (47)~(49) complies with the
conditions for tridiagonality as given by system (53) at each interior
point (using Eq.-(31)) and does not at either boundary point (points 1
and n of system (53)) or at an interface point. If, say, the i'D
point on the mesh line is an interface point, then the system gonorated

above has the following form (for n points):
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Au; + Eyuy + Ojug = 4
azu1 + bau2 + 021:3 = d2
8y %o * Dy ¥yt Ol =dia
Ay o #Bju , 40w 4D, FEY L, = dy (55)
Bi41% * PpgaBiant Oi41%42 =di

+Y

8n1"n-2 n-l“n-l + cn-lun = dn-l

A‘n.u'n-2 + Bnun-l + cnun = dn

In order to remedy this situation we must eliminate u3 from the first

th

equation of system (52), both 4, and w,, from the 1" equation,

th

and from the n™ equation. This is accomplished through use of

Yn2

two general elimination schemes, éa followss For the first and last of

these required eliminations we consider the system

LI (56)
oéx + 62y + \éz = cé ’

the eliminant, after removing 2z from the system, can be written as

(ﬂle = azyl)x + (61Y2-a2‘vl)y = Yzol - YIO:Z (57)
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To eliminate L and Y .0 from the ith equation we observe that for

the system of three aequations

/

c/lv + Blw + ylx =0
OV + BoW 4 X 4 6,y + AERA 58)
Ysx + 63y + &z = O3 o

the eliminant to remove v and 2z " may take the following form:

oy BymopBy v + Loy ey ) emon Yoy Jx + o (8,65-850,)y

' (59)
= (00, - ay0)) 6509 €203 ¢

Application of Hq. (57) twice and Eq. (59) for as many interfaces as

appear in system (55) (only one is shown) will transform systen {55)

into a tridiagonal systen as given by system (55). Then the system is

solved using the recursive procedure given by qu.(54). This is carried

out for each successive mesh line, horizontal in odd time steps and

vertical in even steps.

Obtaining Demperatures at Irregular Points

In order to complete the temperature caloulation in eack step, a sepa-
rate method was devised and coded for obtaining temperatures at the
irregular boundary and interface points in alternate time ateps, i.04, at
irregular points on vertical (horizental) mesh 1lines in odd (even) time
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steps. This procedure entails the use of linear and "constant” inter-

polation and extrapolation (within a single material region only) to |

obtain temperatures at the irregular points from those already calculated
at the new level in the tridiagonal systems described above. At all
interface points, linear or copstant extrapolation is performed from
both sides and the average is taken. Linear extrapolation is used where
possible, when at least two successive interior points are adjacent on
the same side of the interface point, and constant extrapolation if
only one interior point is available (in Fig. 5, in an even time step,
for example, linear extrapolation is used from the left at point P and
constant extrapolation from the right). Two types of boundary points
are considereds those exposed to engine firing and those not exposed.
In the latter case, axtrapolation from the interior is used applying the
same rule as at an interface, but without taking an average. At an

irregular point on a boundary exposed to firing, we use linear surface

interpolation or constant surfaco oxtrapolation from temperatures already
caloulated in the tridiagonal systems at similarly exposed boundary
points of the same material, Taus, taking examples from Fig, 5, in an

even time step, TB is extrapolated from TB and TB interpolated
5

4 2

from T and T, , while, in an odd time step T is extrapolated

Bl B3 B1
from T and both T and T are intorpolated from 7T and

B B B B

2 3 4 2
T, .
Bg
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Pige 5 Point Arrangement Illustrating Interior and Surface
Interpolation and Extrapolation of Temperatures at

Irregular Mesh Points
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Because the method adopted for irregular points does not directly

utilize any of the equations comprising the model, some further dis-

cussion of the approach would seem to0 be in order. Apart from the fact
that the method has worked inm the cases attempted, it should be noted
that it does simulate, to what is usually a first order approximation,
the thermal behavior of adjacent points, which was in turn obtained from
the model enquations. Care, however, should be taken, in selecting the
mesh lines for the analysis, to prevent extrapolation over relatively
long distances. This is especially true in the use of surface extra-

polaticn at boundaries exposed to firing.

Discretization and Solution of the Continuity Equation
Coupled to the solution of the energy equation (5) for the temperature

distribution is the solution of the continuity equation (6) for the nass
flowrate of the generated gases in the charring material. After sub-
stitution of the simplifying assumption given by Eq. (7) into Eg. (6),

the continuity equation tskes the following form;

oAze) , Aye)
_53..,,;_3;2..,%5, (60)

where p 1is the density of the charring material whose time derivative
is given by the left side of BEq. (6).
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In the numerical solution of the basic equations, the mass flowrate ) e

energy equation first in each time step and feTuFIng-the—mlwlate& - -

-~

values of temperature in the solution of the continuity equation, Thig”
i
is achieved in the discretization of Eq. (60) by expressing the time
Eq. (60) by exprossing the time

A%t

derivative as a backward difference. Spatislly the discretization 15> -

- R LR~ P
omewhat simplified in that the mass flowrate anal; erformed
° P Teiata portom:
only at regular points. Thus, the following discretizeticn of BEq. (W»
obtained in terms of mass flowrates and temperatures at the four poin\t;"""
(xgovyde (xyp03y)s povypn)s and (x0,5,,,) (o, ore converdently,
the points 1, 2, 3, and 4 as pictured in Fig. 6), is sccond ordsr 4in

distance and first order in time and is assumed to hold at the point

O

(xiﬁ_,y r&) at tine T, s . -
j k - e W 8L
. M%._
&{Bg.,kcz,k"%,k“;,g . By 084,070,005
ox o
j+1)M3 k’3M1 k (34‘1)NG -jMa s =5
* '('é?iDAv { -
-4 Z { v’res(rpy,z,k Fos, ,z,k.]_) {é1)
ps{(rc st I' dec,t.k) (rac,l,k-yac..&,k-l)

* rsc,z,k(Pdcc,z,k-rdec,t,k-l)j] }/ ar
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Fig, 6 Point Arrangement for Discretizing Contivuity Equaiion
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where, for convenience, the subscripts y and i have basen dropped
from Gy and Axi, respectively, In Eg. (61), for each reaction i,
Fi, 2,k and Fi, £,k-1 are evsluated at T and Tmax, £,k-17

max, 4,k
respectively, as in Egs. (33) and (34). For each set of points 1, 2, 3,

and 4, such that at least point 2 is in the charring material, Eq. (61)

is rewritten in the following form and solved explicitly for 02 k:
2

1

(-5 - B

&y o o - A :
26 80 Sz, = 4 T30 * By 5%,

i _ A (] - e Av
5377~ B3, a0%5 0 = 35T 4 Bk a0%,k (62)

4
_ & (r)
2 z 67 p,t,k
=1

) (7)
where 6,r

+ (14

ot,k is a symbolic representation of the I.th term of the
sumpation in Eq. (61). Equation (62) is used to sweep across each
horizontal mesh 14ine from left to right starting with the topmost. mesh
line and going down from l4ine to line. The boundary conditions are
similated by the following interpretations of Eq. (62):

a) If an interface common to the charring material and one of the other
nmaterials cuts through the rectungle formed by points 1, 2, 3, and 4,
then both G and Fi vanish at all points in the other material. If

sny of the points £ {other than point 2) happens to be on the interface,

then G L 4is set equal to O, but ?i g can 8t411 be nonzero., If point 2
9
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is on an interface (in vhich case at least one of the other points must
be in the charring wmaterial,, both G 2 ‘and ?1,2 can te nonzex..

b) If a boundary cuts through the rectangle, again both G and F,
are zoro at points outside the material, and again Fi can be nonzeyo

on the boundary. G dis zero at an upper boundary, but can be nonzexro

at a noninsulated lowzr boundary. ¢) If either me’2 or Tmax, 4 is
less thsan pr or if point 4 is outside the charring material, then (';2

4is set equal to 0, If Gl i8 O, then G, 48 cbhteined from ths follcw

-

twoepoint formuls 4instead of Eq, (62): °

L a8 (2i+) v ,(F)
Sok ™G Gk aF br CPxt B (63)

In practice, a modification of Eq. (7) is used to obtain R at each
'y

L,k
point 2 for use 4n Eq. (62). Because we know that the direction of the
mass flowrate vecior to the right of the throat plane should be downward
to the raght, we 1imit the range of allowsble values of Bz,k
4is obtained at first as the ratio of

to the

closed interval [~1,0]. R
£,k

87T to ﬁyﬂ" % and then is ~(a) set to zero Af the ratio is positive,
»

x L,k
(D) eet to ~1 4f the ratio im lems than -1, and (¢) left unchanged otner-

wine, To the left ¢f the throat, we similarly restrict to the

By x

ranre [0,1] with one exception., Because R is nonnegative to the left

L,k

of the throat we must be sure that the coefficient of G, , 1n Eq. (g2)
2

does not vanish., This 4s done in the computer program by automatically
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1y By
calculating the minimum value y = (1~ 53:{ v for all valuses of J

and by to the left of the throat and then restricting R to the

Lk
renge [1,r] whers »r = min {f,,1}, where 0 <f <1,

The temporal atability of the mags flowrate solution procedure given by
Bq. (62) is assured dus to the backward time differsnce employed, provided
that the schemes used to solve both the energy equation and its boundary
conditions are also stable. The stability with respect to distance of
the procedure as used axplicitly in each time step from point to point
is, however, another matter. A complete stability .nalysis of the latter
type has not been performed, but it can be shown (By methods similar to
those used in Appendix D) that a homogeneous linrearization of Eq. {62)

is unconditicrally unstable in the y direction and in the x direction
to the right of the throat. To the left of the throat, on the other
hand, it is unconditionally stable. These results should not, however,
be surprising because we know (dve to the restrictions on R(x,y,T)) that
the solution must grow, tu the right of the throat,-in the same axia;

and - ~*1n] directions in which the numerical solution is marched out;
whers. | the left of the throat, the solution must grow in the same
radial direstion but in the opposite axial diroction. No steps have
been taken to introduce at least conditicnal stability to the numerical
procedure because in practice it has proved to be quite satisfactory

when used in conjunction with the temperature calculation. Orly a
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relativelykfow distance stepz are taken in performing the caloulation

and the vaﬂ?os genorated are probably small enough that lccal inatatility
¥ill not af%ect the overall stable time atep calculation. In any case,

‘ 1? is felt ﬁ? the writers that no usable modification of the numerical
schene would%provide stability in tho axial diroction to the right of

[ ]
the throat du? to the sign of R(x,y,7), now would any be stahle radielly

on either sid% of the throat because we must march from higher to lower

values of J

-
o

tc the availabls boundary coanditions.

. oo .1""‘ t
f

Control of Size:of Time Increments
A -
{
In the one-dimeqiional code completed in Phase 1. of the present program

(see Ref. 2), th. approach taken to the maximization of the time step

was to start withaa very small increment and allow it to incresse pgriod-
ically duripg thozprogram run provided that several built-in criteria are
_aa&iafied; Two op%iona are available in the two-dimensional program, one
similar in approad% to the FPhase I\b?Ogram and the other rather different.
The first, which we%ahall call Option\A.'conaiata sinply of scheduling a
variable arzay of ti@e—atepa directly as input. (Opfion A was exercised
for the secoud checkdut casz described in the Results Section below and

is given in Table 4, ‘Option B, discussed below, wes used for the first
1
checkout casc.) '

’ 1

-

In Option.ﬁ, on the ot&pr hand, & single large {input) time ntep is

employed wheraver posaible throughout the program run and iz oniy reduced
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temporarily as requirad. Such reductions sre scheduled within the pro=
gram in accordance with a stability criterion based upon the intensity
of cngine firing as simulated in representative poriods by the fraction
of “ou" time, B‘on('r) (defined below Eq. (16).

It has been shown by previous investigators {see Ref. (16), p. 47-49,
for example) that inatability can be in%roduced in a numerical solution
by the intensity of heating at the boundary. Nor the one and two
dimensional forward differsnge methcds used to solve the heat conduction
equation, the following inequalities must be setisfied, respectively, to

ensure & stable solution:

R<§'(%;§y . (€5)

-

vhere N = (hax)/K, &x =4y, and h and K are constants. In the
present program the following analogous criterion is used to limit ths

size of Ar when Option B is exercised:

abr
R= (Az)2 < i%ﬁ; (66)

where Az = min[min(Axi).Ay], ¥, = (hoﬁ.Az)/K. and C is an empirically
i

*
deternined constant. In order to be able, within the program, to aschedule

*C wan taken to be .4 or .6 in all checkout yuns uzing Optioa B.




all time-step reductions based on inequality (66) before the numerical
calculation begins, a reference temperature, equal to 60% of the throat

value of T‘w(x), is used to compute values for h_ ., and K.

There is one other criterion for temporary time-step reduction, based
upon amount of surface recession, which is employed with either Option
A or B when surface erosion takes place. The purpose is to prevent
excessive radial recession in any one time step. This is accomplished
in the program by specifying as input a fraction of the radial increment
4y as the maximum allowable amount of radial surface recession along
any mesh line x = Xy in a time step. When this criterion is violated,
the program automatically reduces the time step, through multiplication
by an input constant less than one in magnitude, and then begins the
time step again (this 4068 ToT-imvolve-much recalculation because re-

cession is the first mechanism in each time step).

Cne othzr mesns of time step control is provided in the program by
permitting the optional partition of the'first timo step (osly) into as
many smailer steps ae desired. This may be done ix conjunction with

either Option A or B.

An excellent feature of the Phase 1 code is its capability of varying
the distance increment with tims. This was not considered fsazibls in

the Phase 2 code because of the excessive amount of recalculation which
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would be required to establish the new mesh, However, in the two-dimen-
sional program, added flexibility is provided by the variable spacing
pernitted on the radial mesh lines.
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DESCRIPTION OF THE COMPUTER PROGRAM

GENZRAL REMARKS

The numerical procedures developed ‘above for solving the two-dimensional
ablation and heat conductiun model given by Ease (5 ) - (18) were coded
in Portran IV for automatic computation on the EDPM 7094. The computer
program has been given the designation "2D-ABLATE."

Input to the¢ program is handled by & very sophisticated input routine
vhich was adapted from a current Rocketdyne procedure. Its advantages
include reading all input into a single data array (vhich is allocated
within the program), which can thus be conveniently augmented as
required, and a particulsrly efficient method of handling multiple runs
or updating data from run to run through use of single cards to replace

the contents of specific locations in the data array.

In order to take edvantage of the overlay feature of the Fortran IV
system, the program was written in several links. In addition to the
main control link, Link O, two other links are provided for: (s) Link
1, vhich handles all execution prior to the time-step calculation, and

(b) Link 2, the tims-step calculation, which carries out the mumerical

procedures descridved earlier.

T




Link 1 includes allocation of the input data array, imposition of mesh
lines on the input curved boundaries and interfaces resulting in the
regular and irregular nesh points defined earlier, gensration of des-
criptive arrays cheracterizing these points, linear interpolation at the
positions Xymx, gt N:i of the input axiaJ.’Ly varying tabular dats,
piecewise linear and guedratic fitting of the input temperature dependent
material properties, ; lecewise constent and linear fitting of the time
varying data (e.g., P, n(7), which is defined eariier), and scheduling
temporary reductions of the imput computational time-step (as required
by Inequality (66)) for use in periods of strong surface heating unless
the option is exercised of scheduling variable time steps directly as input.

‘In order to acquaint the reader vith the 'scope of the prog'ram, a dip~

cussion follows of the input data required for its operation, brief
descriptions are given of the execution performed in Links 1 amd 2,
overall flowcharts are presented of the msin program logic, and the
output options availsble in the program are outlined.

INPUT REQUIRED FOR THE COMPUTER PROGRAM

The input data required for operation of the 2D-ABLATE camputer code
include the following:

(a). Thrust chamber wall geometry.

Plecewise quadratic finctions are wed to describe the configuration of
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all material boundaries and interfaces., Becausz the materials are
numbered from 1 to & maximm of 5, each quadratic piece must also be
identified by the mumber assigned to the material or materisls (in case
of an interface) which it bounds. The kind of boundary cordition
essumed must also be read in; possibilities include insulation, engine
firjng, radiation to the surroundings, envirommental heating, or some
combination of 1’;heee. A maximm of 40 quadratic pieces may be used in

" describing the wall geometry.
1

(b) Discretization parameters.

The only required parameters for the discretization are the basic time
increment &7 (Option B) or an array of time increments (Option A)
scheduled as described in (g) below, the radial distance increment 4y,
and the axial increments Axi, where 1 goes from 1 to a maximm of 15.
It is not necessary to read in the coordinates of any mesh points; these
are all automatically determined in Link 1. Due to storage requirements,
Ay nust be chogen so that no more than 35 horizontal meéh Tanes will
intersect the wall boundaries.

(c) Temperature dependent material properties.

The product, pC, of density and specific heat is read in as a piece=-
wise linear function of temperature for each wall material amd the
conductivity, K, as a plecewise quadratic, The effective enthalpy of
the gases generated 'mtermlly in fh; charring material is also read in

‘!E‘r‘




as & piecewise linear function of temperature. Each of the £a8=-
generation reactions which take place within the charring ablstor (a

in vhich it occurs and by the maximum value of Fi(?.‘) (sec Namenclature

or Appendix B) which is attained during the reaction. These vaiues are
then used within the program to generate a trigonometric function which
is employed to describe the variation of Fi('l') within the reacticn

range .

(d) Constants for gas generation reactions in the charring mateirdal,
The constants required to characterize the reactions are Fm, Qp’_,

Qéc’ Qdec’ Py Py l“c,s’ and rr,s‘

(e) Hot wvall eroa;.on parameters.,
Included in the input data array is a 1ist of all the parameters reguired
to perforn the calculations given in Appendix C. They fnclude
(1) flow constants of the coubustion gas: specific heat ratio,
molecular weight, chamber pressure, throat radius, radius cf
curvature of the throat boundary, and parameters used in
computing the blocking effect,
(2) melting rate constants for each exposed material: thermal
conductivity of the melt, viscosity parameters, spscific hsat
of the melt, heat of fusion, anl melting teaperature.,
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(3) vaporization constants for each material: mess diffusion
coefficient at staniard conditions, moleculer weight of the
Vapors, vepor pressure parameters, heat of vaporization, and
density of the material,

(1) chemical reaction constents for each material: molecular
wveight of reactant ges, mol fraction cof reacting gas, rate
equation constants, enthalpy change for the reaction, mass
diffusion coefficient st standaid conditions, and specific
heat of the reactior mroducts.

(£) Parameters affecting the heat flux,
Values are reguired for each of the following parameters at various
P

prespecified axial positions: Tav’ h 09 and Lnv® In addition,

conv’
tvo radiation constants are required: of. and Tem,.

(g) Time varying parameters.

To characterize intermittent firing and pulsing with soakback, an array
of values of Fon('r) 13 read in, each of which is held constant during
a pmagsigne_a time interval, If Option A is exercised, an input array
of time steps is similarly associated with these intervals, An array of
veighting constants is also read in to permit piecewise linear variation
of gy wi:th time, None of these arrays may contain more than k0
elements.

(b) Initial tesperature,
The 4initial wall temperature is required as an input constant,
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LINX 3 PROCEDURES

Input Processing and General Procedure

All data for the program are erranged in a matrix format which is imput
as a single array and stored on tape by the program so 28 to be made
available if needed at the completion of the problem run. Thus to
perform multiple runs it is only necessary to read in those data ele-
ments (along with their array positions) whose values change from run

to rmn,

Error checks’are made extensively in Link 1 and, in the event of an
error, execution continues in an attempt to check for other errors
prior to termination, Data input which defines the geometrical confige~
uration is especislly critical, and 4t is important that certain rules
(discussed in the next section) be strictly followed in choosing axial
and radial increments to be used by the program iz irmmosinz a mesh on
-the wall configuration, The mesh imposition essentially consists of
determining intersections of the functions describing tbe inmput imlmd-
ary sand interface geometry with the horizontal and vertical mesh lines,
Arrays are generated and stored consisting of these locations along
with the derivatives of the boundary ard Interface functions at these

loestion's, boundary types, and region mmbers associated with them.
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Texperature dependent date are then processed, including enthalpy, #&C,
and thermal conductivity. The first twe sets are fitted by several
linear segmentu over the terperature range vhile thermal copductivity
4is fitted by quadratic segments.

Further processing 48 required in Link 1 to linearily interpolatr the
axially varying 4input perameters, ﬁf, Tp? Boopys 804 Q00 B the
axisl positions of the vertical mesh lines,

Then, -uniess Option A is exercised of scheduling variable time pteps as
irput, & schedule of computational time increments 4s generated 4n

accordsace with the stability criterion given by Inequality {66) above,

tep . g =
“ihich depends upon the 4nput values of F_(7) use2 to similate

,

intensity of engine firing in prespécified time intervals.

-~

Finally, 4nitialdzation of certain Link 2 parameters is performed. This

terminates Link 1 and program control is then transferred to Lirk 2.

A flowchart of the overall Link 1 logic 4s ghown in Fig. 7«

|
)
£mme Rules Governing Thrust- Chanber Geometry Definition

1, A mesh l4ne thich intersects the configuration must contain exactly
two boundary points vhich are terminal poiants of the line,

2~ A mesh line may contain as many es eight boundary and intevface
points.

-
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3o A horizontal mesh line may contein as wany as 23 points of all
kindso A vertical mesh line may contain as many as 43 points.

A
)

4, A mesh line vwhich q.ntersects the configuration must contedn a

rinlmm of four points; these may be any combinstion of boundary, inter-

[

face, ard regular mesh points.

5. At least cre regular mesh point must lie between successive bound-

ary and interfsce points,

¢

6+ Ho common intersection of three or more quadratic boundary or

interface sagme 1tz may lie on e mesh line,

T+ No mesh line may coincide with a vertical. or horizental bowndary

or interface.

LINK 2 EXECUTION

In Link 2 of the progrem, the entire time-step calculation i~ performed
as a2scribed earlier in the section on mumerical procedures. The pro-
gram flow is iterative in nature, calculations being performed in oune

time step at & time in the following order: an iterative procedure

(see Apperdix C} is used to determine the erosicn characteristics at
the hot gas boundary snd predict the resulting surface recession, the

tenperature distribution is obtained uvsing the alternating-direction
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method, and the gas nagss flowrate caleculation is performed for gases
generated in the charring ablator.

Of these calculations, the tewperature computation requires the most
intricatz program flow due to the need for alternately converting
horizontal arrays (at both regular and irregular points) and irregu-
larly located vertical arrays at odd time levels to and from the coxe
responding vertical apnd irregularly located horizontal arrays at even
levels.

A flowchart of the overall calculation is given in Figure 8,

OUTZUT PROCEDURES

Oytput from vhe Phase 2 code 2D-ABLATE is printed out in both Liek 1

and 2 using several program options.

In Link 1, the input data array is always printed out in matrix form as
vwell as are the generated exrays characterizing the boundary and inter-
face points., Upon an input signal, a descriptive printout is given of
the aliocated data array and the remaining generated parameters.

In Link 2, at regularly spaced time intervals (the spacing may change
with each chauge in Fon(‘r)) , the following computed values are printed

outs
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Fig. 8 ILink 2 Procedure
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(a) Surface data at each intersection of the hot gas boundary with &
radlal mesh .ins, including mass flowrate of gases generated within the
ablative region, new positions of the surface, and surface recession

rates.

(v) Temperatures at all points, regular and irregular, vhich lie on &

horizontal (vertical) mesh line in an oddl (even) time stap.
[

The following information is available for optional printout at the

same times:

(a) Values of effective heat transfer coefficients et both ends of
each horizontal (vertical) wesh line in .en odd (even) time step.

(b) Temperatures at irregular boundery and interface points lying on
vertical (horizontal) mesh lines in odd (even) time steps.

(c) Values of Gy(x,y,'r) and R(x,y,7) at every regular point of the
ché.rring ablator which has reached the minimum pyrolysis temperature.

Finally, a listing is printed out at the end of the run of the maxirum
temperature achieved at each regular point of the charring ablator.
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In order to provide a broad base for evaluating the capabilities of the
tvo-dimnai.onal camputer progrem, 2D-ABLATE, developed in Phase II of
this study, checkout of the program included comparisons both with
theoretical and with test data, as follows:

1. BSimulation of transient one-dimensional (radial) conduction in a
hollov cylinder, with no charring or recession. %he exact solution for
this problen is known and is presented in the forn of temperature
response curves in Ref. 21, the "CYLHEAT" handbook.

2. Comparison vith test data cbtained from an engizne firing at Edvards
ATB. Hewe it vas necessary to simulate two-dizensional charring and
conduction in a two-material thrust chambzr, the exposed material being
& carbon cloth=<phenolic backed up by 2 stainless sieel shell,

Cages 1 and 2 above comprised only a portion of the checkout performed
for the 2D-ABLATE program, vhich for purposes of debugging included
treatment of an agsortment of wall configurations, mmterial arrangexents
and properties, and external heating conditions. Ceses 1 and 2, however,
were treated in depth and, being representative of the two classes of
problems handled, are discussed here in detail,
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COMPARISON WITH AN EXACT SOLUTION OF A CONDUCTICH PROBLEM

Despite the complexity of the 2D-ABLATE progrem and the pany physical

and chemical mechanisms it treats, its basic function, nevertheless, is

the prediction of trunsient temperature distributions resulting from tpe._ .
conduction of heat in goilds. Cocasequently, before the program céﬁld be

used with any real degree of c¢onfidence, it was nzcessary to determine

its capabilities for handling pure conduction prc»blen;. Furtheraore,

because an implicit method of soluticm was employed for the energy equa~

tion, it was especially important to show that uufficinni:ly accurate and

siable results can be obtained using large distance increments and rela-

tively large time steps, i.e., large (for a given distance increment)

coapared to the step size required for an explicit method. For this (3
purpose, the best standard for couparison is an exsct solution. Although

the case chosen of a hollow cylinder is only one-dimensional, the spatisl
coordinate is radisl (the direction of greatest heat flux in most engine
firings) and provides the closest approximation to an axisymmetric

thrust champer for vhich an exact solution is available.

The conduction problem whose soluticn is given in the CYLHRAT handbook

-,

can be expresged (in our notatiop) 'as follows:




é§“§+%% » T;SYST, T>0 67
x%- -x%- W(T, -T) , y= r, (68)
x%-xg-o ) ¥=r, (69)
T=T , Tm0 {70)

vhere &, K, and h are known constants and vhere Ty and r, are the
inner and outer radii, respectively, of the cylinder (sce Fig. 9 for

axial and radial cross-sections),

In order to assess the zn-Anwm ccaduction capabilities under extreme
conditions, the program was run for the cases of both high and low
thermal conductivity materials, such as an ATJ graphite thrceet insert
and a carbon cloth-phenolic ablator, respectively. Th2 numerical dats
used as input for the two cases are given in Table 3. Oaly a single list
of data 1s given to cover both cases becauge the values chosen differ
only in thermal conductivity. The nunerical solution was cbteined ia
both cases using a distance increment of Ay = .11 inches., Multiple runs
vere made in each cage for several different constant valuss of As,
ranging from 125 to & seconds in Case 1 (the high conductivity cass) and
from 5 to 8 seconds in Case 2. The results are presented (for AT = 1
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ry = 1l 4n

r,= 31in

Taw ™ 5500°R

h = 1.5350™ Btu/in-sec-"R
oC = 4025 Btu/in>-°R

T, = 500°R

5x10'h o igh
05} Btu/in-sec-"R for the {:w } conductivity material
0

.,

Table 3. Properties and Conditions Uszed for the Hollow Cylinder Runs

and 8 seconds only in Case 1 and for AT = 2 and 8 seconds in Case 2) in
Figs. 10 to 13 in the form of surface temperature histovies and teapera-
ture protiles at fixed time levels,

The power of using an igplicit method is strikingly illu .rated here,
especially in the high conductivity cese. Ead we used the explicit
method, ve see from Inequality (65) th;.t, to ensure a stable golution,
we would have been forced to use a velue of AT less thsan or eaumal to
«132 seconds in Case 1 and ,906 seconds in Case 2. Yet, a&s shown in
Pigs. 10 and 12, we were able to obtain a stable solution (and quite
accurate - especially at the surface) using a time step as much ss 60
times &z largs. Theoretically we can use ss large a time step as ve
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.please and still expect a stable convergent® solution - it would Just

take longer to home in.

In Fig. 10, for both AT = 1 second and AT = 8 seconds, we see that the
calculated surface temperatures begin below the exact curve and approach
it asymptotically with 1-;:lme. Simultaneously, a small eyror is evident

in the numerical solution in the form of & slight oscillstion which

damps with time. The larger one-sided error is truncation error due to
discretization of the continuous Eq. (67), whereas the oscillsiory behav-
ilor is characteristic of the numerical procedure itself independent of
the differential equation. In particular, the damping of the oscilla-
tions with time illustrates the stability of the procedure, The carputer
run made with AT = 1 second was terminated after 8 seconds due to the

expected early convergence of the numerical with the exact solution. For

the run performed with so large & time step as 8 seccuds, on the other
hand, it was considercd advisable to carry out the camputations for
almost 130 seccnds to ensure convergence. As can be seen in Fig. 10,
this proved to be overcautious; for, despite an error of over 500°R at
16 seconds {the first available surface calculation), most of the early

error hes been eliminated shortly after 30 seconds and the correspondence

#Although the criteria given above for size of the time step were derived
in terms of stability of the numerical procedure, it can be shown that
this is intimately related to convergence. Indeed, in the case of &
linear problem such as that defined by Eqs. (67) - (70), & proof is given
in Ref. 22 that stability and convergence are equivalent for a consistent
numerical scheme, 1.e., one for whict the difference equation at each
point approaches the differential equyxtion in the limit ag the space and
time increments go to xcero.
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is good considering the size of the time and space increments.

The numerical results obtained for the low conductivity material are

pictured in Fig. 11. The closer approximation to the exmct solution is
to be expected because an 8 second time step here is not as large rels-
tive to that required for the explicit method as it was in the high c.n-

ductivity case. The reason for the reveraed directic.. of the early error
in the 2 second time step run is not evident.

Figures 12 and 13 compare temperature profiles computed by 2D-ABLATE for
At = 8 seconds with the exact solution at fixed representative inter-
mediate time levels selected late enough to avoid early gross truncation
error but before most of the error has been demped out. Again, the
errors, although not excessive, are greater in the case of the high con-
ductivity material. In particular, the error can be seen to increase
witk do;ptli into the materiel in the kigh conductivity case, whereas this
behavior is not particularly evident for the low conductivity material.
This should not be too unexpected because, with increased distance from
the surfece exposed to heating, the stability (and thus convergence)
criterion given by Inequality (65) becames less applicable and is re=-
placed by Inequality (28), which covers conduction in the interior unaf-
fected by external heating. On the basis of Inequality (28), the upper
bound for AT required ifMthe explicit method remains virtually
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unchanged for the high conductivity materisl but increages significantly
for the low conductivity material, taking on valuss of .15) seconds and
7.56 seconds, respoctively. Thus we see that, for internal conductionm,
a time step of 8 seconds for the high conductivity material is still
more than 50 times as large as that required for the explicit method,
but is only slightly larger for the low conductivity material. Thus we
expect much mere accurate resulte in the latter case. Indeed, for a
low conductivity material, aside from reduced local temporal truncation
error, there is little advantage in the use of an inplicit method as
long as the spatial temperature gradients are not too steep., When large
gradients occur, however, small distance increment/s are required for
local spatial accurecy and an implicit method would permit correspond-

ingly laxger time steps vhen desirable than would the explicit.

In sumiry, Figs. 10 thropgh 13 show that 2D-ABLATE can provide very
accur@te results for a pure couduction problem uzing relatively lzrge
distance and time increments. Increased accuracy would undoubtedly
result from exefcising the program option of varying the tims step
during a couput;rdmz using & srall step et early %imes and larger
steps later. .
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CCGMPARISON WITH ABLATIVE ENGINE TEST DATA

After establishing the adequacy of the SD-ABLATE prograz in performing
its basic function, i.e., in the treatwment of heat conduction, iue next
step was to evaluate its usefulness in practice. For & real engine
firing, the program must be able to predict transient temperature dis-
tributions with & reasonable degree of accuracy within the limits of

a) the applicability of the mechaniems mimulated in the progrem end

b) the sccuracy of taue values used as input for the physical and chemi-
cal properties. Furthemmore, in order to Justify the use of an implicit
scheme for the mmerical solution, the time steps employed in the pro-
gram must be larger than those required for the explicit method. To
dennngtrate this capability, a cage was run on 2D-ABLATE for which test
data vere available (supplied by Edvards Air Force Base). Reasonably
good agreemeni with the measured tesperatures and char depths was ob-
tained, at least in the throat region, as is shown below. Tae data
supplied were for a thrust chamber firing rzlaza,‘ blend (66.7% FH,,
2% MME, and 9.5% B,0, by weight) at & chamber pressure of 116 psia to
develop & thrust of 3900 pounds. The thrust chamber walls corsisted of
tvo materials including a phenmclic-carvon cloth ablative, exposed to
engine firing, backed up by & stainless steel shell (see Fig. 14). The
szveruol heating (and cooling) conditions included heating of the imner
surfsce by the hot cuxbugtion gases, raliative cooling at the outer
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surface and at the diverging portion of the inner nozzie surface, con-
vective cooling (simulated in the radiation term) at the outer surface,
end insulntion elsewhere as indicated in Fig. li. w{f:’mg ves
steady £or the first 60 seconds, followed b}e@ shutdown Emd goakout
- for the remainder of the run. The g.;im/%hea.t flux in the combustion
chagber vall was assumed to b::{ slight that an effective insulated
left boundery was expléyed at an axial position 18 inches from the
injector for the cceputer run, as shoim by the dotted line in Fig. 14;
i.c., regults to the left of the assumed boundary were assumed to be
identical to those obtained to the right (in the combustion chamber
only). Table 4 is & list of the other pertinent data required to des-
crive the firing and used as input to the computer program, Included
are material and gas properties, both physical and chemical, as well as
the oporating conditions, heating parameters, erosicn datw, and the
gpace and time increments uged to obtain e £inite difference solution.

The values used were besed on information supplied by EAFB supplemented
by additional Rocketdyn: data and experience. The density-specific heat
product eaployed for the ablative material accounts for both the transi-
tion from virgin material to char and the increagse of the spscilic heat
of the char with temperature. The thermal cozductivity of the ablative
reflects similar effects in addition to a readistion contribution at
high temperatures. Pyrolysis of the ablative resin occurs over a
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TLBLE %, PROPERTIES AND CONDITIORS USED T0 SIMILATE REAL EXGINE FINING

IMATERIAL PRCPERTIES

Fhenolic-Carbon Cloth Ablative (aud fensrated pyrolysis gas):

PC = 1380072 ptuf/ind-% , 460° <7 <960% ,
42000771 + ,9768x1072 , 960° £ T < 1960°

- -2 (o] 0
2109 4 12120072 | 1060°% s £ 1a0°

2.25x072 , 3u60° £ 7 < 6960° .

K= 800757 + 7320077 Btufin-sec-R, 460° €T < 960%R ,

10070 4+ L5407 , 960° 27 s 360° ,
5%2070r 4 2.12x070 - , 3160° £ T < 6960°

Ha ST ~ 023 Btw/lb, k60° £ 1 < 6960°R .

?m.°o335

F,=0 , T g960° ,
o [ )] | s en cr0a
6 , 1960° g7 .

%y = 250 Btu/lb resin

3
p; = 40542 1b /in




TABLE & (Comz'd.)

29_1& Stainless Steel:

PC = 031 Btu/in’-°R » 460° T € 6960%R |,

K = 13007 TT ¢ 154320~ Btu/in-sac-"R , 460° < 7 £ 6960°%R .

ERCSION CORSTANTS AND COMBUSTIOH GAS CONDITIONS
(See Homenclature in Appendix C)

Gas Flcw Congtants:

? = 1,312

(M), = 18,374 1n /e
Pc = 116 psia

(Cple = <452 Btu/lbm-ok

T = 32335 in.

Vaporization Constanis:

D__ = 02 in%/sec
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TAELE & (Cont'd.)

Reaction Constants (c( 8) ¥ Ba(a) = Si(g) * °z“a(g))‘

(%)reactant gas 2 ]'bm/lb mole

T reactant gag = 110
K, = «0089 in/sec
2
Breaction ™ "0 Btu/lby
& enction ™ 390 m“/lbn
D

reaction = 118 map’sec
(cp)pmm = o3 Btn/lbn-oa
OPERATING CONDITIONS A¥D HEATING PARAMETEBS (axislly varying)

E‘Q = 53008

Ty ™ o%Rr

B = .!:'
(C) .= 52 Btu/lb_-R

Ty ™ 1. (for pyrolysis gases ejectzd at srfece)
% = 3.3 X 10 Btu/inP-gec-(R)*
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TABLE 4 (Cont'd.)

FINITE DIFFEHENCE INFORMATION

Space Incremsnts:

y = 0, at axis of thyust chamber
Ay » ol in, axial megh lines &t y = Yym 33+ (J=L)&y; J m 1,%9,25
x= 0, Jd in. to Left of chamber cut-off position

radial mech linss &b R ® X, ) = Xy + &y, L m 1,000 X @ 035

1 2 3 4 5 6 7 89 10 11 12 13

i
Axi (10e)  oT5 o75 o5 1425 1425 1425 1o o5 625 «25 o5 oT5 Le5 1ol

Variable Time-Steps §@tion AZ:

k 1 2 3 4 5 6 T 8 9 10 1 12

A‘zk(sec) d 2 5 le Zo Ge 1, 4 5 10, 20, 500

’on.k(T) 1, 1. 1, Xs 2 1l O, O. O, 0, 0, 0.

{ dng

T 0, 3 5 L. 10, 500 60. TO. 60, 100, 200. 400,

-

vhere 7 i3 initial time for use of Mk
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tecpereture range extonding froa 500 to 1500°F with an everego heat of
pyrolysis of 250 Btu/lb‘ sin, The pyrolysis gases gensrated were
asguzed in this' case to undergo_ no further high terperature cracking or
gas-char reactions during passage through the porovs char. The gas-
side heat transfer coefficient distribution used in the program 1s based
on the Barte equation. Theramodynsmic and kinetic constants are givex in
Table 4 -0 account for posiible vaporizaticn of the char and reaction of
the char with hydrogen in the combustiox gas. As noted, = varisble
axial distance inorement, Ax, was uscd vwith clozest spacing in the
throst. A varisble time step, Ar, vas specified to obteia sufficient
accuracy with a aininmwm of ccupixter time.

The pertinent results of the coxputer run of the 2D-ABLATE progran, for
the data listed in Table %4, are presented in Figs. 15 to 19 in the form
of temperaturs and radial char depth histories, temperature profiles,
and contours of the char front at fixed time lavels. Although the com-
putsr run included ercsion coustoanis as ixput dats, no surface resession

vaa predicted. This was in sgreement with the rasults of the engine
test firing.

Figure 15 compares computed char depth histories at the throwt, cuoxbuse
tion chamber, and exit (at axial positions k.87, 11.87, and 67 inches,
respectively, from the exit plans) with two experiuental threat values
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obtairned from reasured test data. For all plotted points excepti the
rmeagured throat value at 700 seconds (a depth of 1.2 inches), char

depth Yor a given axial position at any time was defined to be the redial
distance froa the gurface of the point vhoge maximum texperature attained
up until that time vas 1460°K, the midpoint of the charring tezperature
range (the 60 second experimental value was obtained by interpolation
from throat texperatures measured at several radisl positions). The
measured value at 700 seconds, on the other hand, was not based ocn the
location of a tesperature level but instead on a visual Judgment which
placed 1t in the initial portion (considerebly below 1i60°R) of the
charring temperature rangs. The extrapolated expsrimental char depth at
the throat {based on the 1460°R definition) at 700 seconds thus should
appear much closer to the computed velue, For the throat, chasber, and
exit values of T and ﬁcom omployed in the progrem, the relative
positicns of the corresponding computed char depth histories sre counsis-
tent with expacted results.

In Fig. 16, surface temperature histories are presented for the ssme
three axial positions (throat, chamber, end exit). Although no measure-
ments wers made of surfece temperaturs during the real engine firing,
the curves shown in Zig. 16 provide further grounds for evalustion of
the run based on 1) their positions relative to each other, 2) hov
clogely the magnitudes attained correspond to expected results, and
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3) the compatibility of the shapes assuzmed by the curves. Ths results
scea reasoneble on the basis of ell three criteria (in assessing the
compatibility of the shapes assumed, it must be remembered thetc, due to
axisl ordering, the chawber and exit curves should not be compared
directly with esch other, but only through coumparisons of each with the
throat curve).

Figure 17 is & cosparison with experimental date of & computed tempera-

ture ﬁroﬁle at- the throat after ¢) seconds of firing (comparable data

at the chamber avd exit were not available in depth). In general, the

agreeaent is reasonably good. No cumparison is possible until & depth

of .5 inches, where the computed value is 50°R less than the measured,

Proceeding into the material, the computed tempersture does not drop off. O
@3 quickly and is above the next measured value (at a depth of 75

inches) by cver 150°R. Beyond that point, there is not encugh thermel

panetyation for & mesningful comparison.

In Pig. 1§, & comparisom is given of the computed temperature history
vith the measured at & depth of 5 inches. Again the correspondence is
reasonably good. The slcpes are close and the valuu differ by at most
250°R. The computed curve rises sooner than the metsured, the differ-
snee Letveen the curves reaching & maximum after ebout 30 seconds of
firing. At this tims, the slopc of the measured curve has just about
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caught up with and, thenceforth, exceeds that of t} .« coputed curve. Tus
curves cross at about 55 seconds aad the coputed curve has dropped below
the mcasured by about GO°R at 60 seconds, the end of firing.

Sinilar comparisons are not pictured for the chember and exit texperature
histories (no similar test data are aveileble at the exit). The cor-

respondence in the chamber was not good, therc being almost a 30 gecond

falavr in tha beg"‘“""" cf the pins 5P dhe meaanmed Lo ern b U Val\ﬁs

after that of ths computed valuese Mo physical explanation has bean
found for this leg unless some other heat transfer mechanism, guch as
£ila cooling from the injsctor, was present ia the cmbuatimi casxber to
cause the delay, The computed chamber valuss, on the bagis of past
experisncs, o-.  to be more compatible with both the computed and
meegsured throay veiues. After the initial lag, the slope of the curve
of ths meagureld values is relatively steep mﬂ, by the end of the 60
scocad £iring cycle, the measured value is within 50°R of the cowputed.

Finzlly, in Fig. 19, coriours sare pictured of the char front (based on &

146C°R isotharm) chtained from the computer run for tyo fixed time levela:

at T = 60 saconds, the end of firing, and at T = 700 aeconds, after

640 ssconds of somkout, It is of interest to note that, although the

redinl char depth at &0 seconds is nearly uniform Zor &ll axial positions
" (ses Fig. 15 as well), the sdditional redial penstration of the cher

»
; o ERR)
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front during scakout is considerably greater at the throat than elge~
vhere, the least adiitional penetration orcurring at the exit position.
This i1s meinly dus to the greater heat conteut in the threoat volume
below the char frant at 60 seconds than in the exit or chember. Xa
addition, the perticularly small change at the exit is probuably dus

in part to axial conduction losses from the exit to the throat plsne and
possibly to greater proximity of the exit portion (apd the chenxbar por-
tion as wall) of the char fromt to the radiating sink at the outar sur-
face of the stainless steel shell, In the firat 60 seconds, 2 ¢hs
other kaund, these effects are doainated by the strong, almost uniform
heat flux along the exposed inner wwurface. Although no contours of
seasured data are avallable for camparison, the computed contours agree
with the 60 eecond experimsntal point pictured in Fig. 15, they assume
shapes vhich are in agresasnt with the relative locations of the adja-
cent thermal sources and sinks, and they sre cospatible with each other.

To swmerize, the regulte of using the ZI~ABLATE program to simulate a
real engine firing corresponded xeasensbly well to measured test dats,
and, vhere meagured data wsre not available, the computed results wure
coxpatible with expected results and with each other. They were obtainzd
for a TO0 gecond run using time steps vhich varied frcem .1 to 30 geconds
in gize (see Table %), 79 steps in all., The muchine time required for
the run can be broken dowa &3 follows: 30 seconds to loed, 20 seconds
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for ke Link 1 preliminary execution, and 120 seconds for the tims-step
calculation (&t 1§ seconds of mschire time per time step), for & wotal
of 170 seconds of machine time. Cn the basis of Ineguality {28) {(spplied
to the backyp material, due to its high thermal diffusivity) the sxpli-
cli method would have required & value of 4T less then o apual to

+5 geconds. BEven asmming as little s § second of mmchine time per

time step, this would =ean a minirmum of T seconds for execution alone

vsing the evniisiy mathod, Pupthormane, the mwher of tims ghons and

Cm—— =

tus ths =ochine time ussd by 2D-ASLATE for this cssz cowld prodvadly
have been reduced significantly without eppreciable changes in the
regults. This was substantiated by msking snother 700 gecond rm iden~
tical to the firgt, but for vhich each tine step was cut in kall, %he
tesperstures ohtained at comparsble tizes and poxitieas wer: unjformly
v:lthn\x 1% of sach other from run to run (except in the firgt few steps
of both the firing and cooling periods when they differed by st most 3%)
and generally differed by corsiderably less thsm lp. This io @

vithin the usual conve;:genca standards and indicates that lurger steps
than those ussd in the £2-st run could have been safely employed.
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CONCLUBIOHS

In Fhage 2 of the subject program, it has been demonstrated by meons of
e Aigital computer code that the nenlineay equations of a ecuprehensive
tvo-dimensional transient ablation (inciuding both surface erosion and
internal chorring) and heat conduction model for the multimateriel walls
of & rocket engine thrust{ chamber can be solved using mmerically stable
implicit finite diffexence procedures. The analycis was performed in
cylindrical coordinates (axisl and radisl) assuning axisymmetric walls
with temperature dependent physical aed cizemical properties and arbi-
trarily curved material boundaries and interfmcese. Chemical reactions
within the charring material were treated in depth end include threa ges
generation reactions plus cracking of the generated gugses. SBurfsce ero-
sion effects }zandled at the hot ccabustion gas boundary were melting,
vaporization, and chemical raac’cioné. Blocking of the combustion gas
due to injection of gases generated within the wall materials and et the
surface was also accounted for. Other heat flux mechanisms included in
the model and handied by the program included: engine firing, environ-
gental heating, radistion fro:m the walls to the enviromment, inswletion
at the boundaries, and convective cooling within the charring ablator,
Bngine firing zmay be steady or intermittent with soakout, the la?;ter
consistirg of either multiple-siart opsration oy pulsing. AlLL heat

114

Vi
S

§

1
E

¥
%
i%f
é
§
A




S 3 s o N
T T A AT P e ot i F Akt Sems I

e e &

Y

fluxes at tke boundaries and interfaces were expressed in terms of
norpally directed temperature gradientse.

A time step procedure was employed to uncouple and solve the continuous
equations, finite differences being used for the discretization, OF
! particular interest was a generalization of the unconditionally stable

alteornating methed of Peaceman and Rachford used for the energy equation

in conjunction with special second order acervate techniques developed

o gimulate the pormal gredient conditions at curved surfacer, The |

munerical procedures developed were incorporated in the Fertran IV com-

puter program, 2D-ABLATE, used for the solution.

The program capsbilities were evaluated by cogparison with 1) an exact

U solution of the transient one-dimensional pure conduction problem for &
hollow cylindsr heated at the imner surface and insulated at ths cutey,
and 2) test dats from an engine firing with twoodimensional trensient
charring and conduction taking place in the two-material thrust chamber,
Comparisons vwere maf~ at various axisl positions with respect to char |
deptﬁ (ia t.2 seccad case only), temporature profiles, and both surface
wi;l interior temperature histories. Bxcellent agrecment was obtained
with repulte of the sxsct solution and reasonably good agreement with
the measuz2d test data obtained from the engine firing. Moreover, the

yrogrom exhibits a high degree of self-consistency end compatibility of
results obtained,

, .
. .
o, B
Q ~~.
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RECOMMENDATIONS FCR FUTURE EFFCRTS

The Phase 1 effort of the subject program has led tc the development of
numerical procedures and a computer code for solving comprehensive itwo-
dimensional transient ablaticn and heat conduction problems. There are,
however, several extensions o the program which should be made in
addition to both practical and theoretical investigations to de=-

1imit the program capebilities and provide analyticzl tools for future
rocket noszle designs. A summary of recommendations for future effort

follows,

1. Many materials of current interest are strongly anisotropic. The
existing computer program should be extended to handle materials with
differing temperature dependent conductivities in the x and y @irec-

tions.

2o, Provision should be made in the progrém to permit,géks,%;nh one of

the +all materials to be charring ablators.

%6 - It has been well-established thut, for many cages of en&ine firing,
radiative gxchange between opposing surfaces of the hot gas boundary has
a significant effect on the transient temperature distribution. The

program should be extended to account for the effect of this mechanism.

4, A comprehensive study should be made of several of the parameters

in the analysis to ascertain their significance in the overall heat
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transfer process. The goal of such a study would be the generation of
graphas and tables which summarize the variation of thermal penetrution,
¢har depth, and surface erosion in rocket engine walls with the essential
parameters governing the material propertiss anda arrangement as well as
the thermal environment. Such results would provide basic information
required for the design of thrust chambers and would serve t. sstablish

detailed guidelines for the subsequent use of the computer prugram.

50 Investiguiion should be made to develop alternative finite~difference
procedurss vhich provide greater accuracy by reducing both tem; »ral and
spatial local truncation errors. The principal motivation of an improved
scheme would be its ability to reduce the machine time .‘equired to
achieve a given standard of accuracy by increasing the size of the

ecmputational increments required. 4 three~level (ir time) alternating ) -
*iveztion method,. for example, whicﬁ has racently been developed by the

oror ot investigators, might be employed. This procedure is secgnd

sder in time, regquiring no linearization for its application to the

nonlinear energy equation. Unconditional stability has already been

#~%abiished for this method when used to discretize the linear energy

equation.

6o A theoretical investigscicn shaui® ns made of the finite difference
proceduras utilized in th~ vriyex? si. any of 3ts sxtensions ur modi-

fications (in accordance with :"cPdew:.” wis 1; 2, 3, and 5 above) with

A lx‘
!
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main emphasis given to a study of their numerical stability and con-

vergence properties. The value of such an investigation would be as a

tool to ¢ 'iminate expensive experimentation with the program to establish
deta.led quantitative stability and convergence criteris for each change

in m.terials and thermal environment. Iﬁ the event, however, that a ’
theoretical investigation is not mede, then an empiricel determination

of stability and convergence criteria should e conducted.
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o APFENDIX A

3& DEVELOPMENT OF EMERGY AND CONTINUITY EQUATIONS

\H; The following form of the mass continuity equation has been employed

-

- in the char xregion of the charring ablative materisl:

Eg“' 4.32—‘—,,--@ (yG:)::Q N (a-1)

Using the therdypamic methods given in Appendix B to express the
" density P of the charring materisl, we can revrite Eq. (4-1) as

OF, o6 :
y T 74 % 19 |
- - 4 = (3G . {a-2)
L3, & & e ey .

By Assuming the time rate of change of gas depsity o be daminsted by
the other ferms, we obtstn the form of the contiauity eguation given
eexider {Bd. {Z)).

$aking wse of 9. {A-2), %2 can further derive the fom of the energy
epntion givea previously by £9. (1), He begin by assuming & form
for tie ensTgy égustion, as follovs (agein using the thermoiynamic

approach)s
5 - 122
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_gg)_ ZAQ;L 3""&’ % (6H,) '31;%}' (6, H.)

+FadiemD .

Then, multipiying Eq. (A-2) by E, asd adding Bg. (A~3) witb enthalpy

(a-3)

Qerivatiyes expanded, we obiain af:ber aqnmining terms sppropristciy
{enf making use of the fact that sig—&- ) toe Fuloviag

?gg’
T -0 z«%%-ﬁ-— %=

By noting that ;pg 4s deminated by £, we can suppress the second

term on the left side of £, (A-4). In sddition, the Lirst ferm can e
revritien as follouss

é

(8-1)

2L L, @)

where © s the specific heat st constant presoure of the soldd s.rte-
4l 4n the cher region, We mey simflarly rewribe &3 a5 == '%',f
Finaly we oy teke mfmg-ﬁ 1o e & coastant “1 by assuming shat
the commosition of the gas generaied 4n ﬂﬁh xeaction remxins smekanged
os 4t 4s deing fornetl; 4.e., for each i,
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"-x[,— = - N (A-6)
35 by in;egra.tion to the following expression
A;;img-n = constant 2Q, (A-7)
4§r write Eq. (A-%) with the above modifications as g
13%“;21 F-5ad. 35 e
B (A-8)

4 ) x&&'eygﬁ

é:gactly Eqe (1), (The subscript g hes been dropped for con-
from the symbol for gas enthalpy.)
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AFFENDIX B
DERIVATION OF EQUATION FOR DENSITY OF CHARRING LAMINATE

The derivation of the expression given previously by Eq. ( L) for the
density of the solid portion of the charring material is based on &
thermodynamic simulation of all internally occurring chemical reactions,
and in particular on the assumptlon that all chemically reacting systems
within the material are in thermodynamic equilibrium. Required for the

development are the following known functions of temperature:

pr('.l.") - fraction of mass converted from resin to vapcr by the
pyrolysis reaction (then l"pr would be the fraction
converted to char, i.e., the fraction of solid mass
remaining after pyrolysis)

Fsc(T) - fraction of mass (of char and reinforcement combined)
remaining as the solid product of the char-reinforcement
reaction

-Fde c(El.‘) - fraction of mass converted from the solid product (of the
char-reinforcement reaction) to gas by further Gecamposition.

Other symbols used are defined in the Numenclature Section of this
reporte.

If all these chemlcal conversions are taken into account, the folliowing

expression for the density of the solld material for any degree of gas
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generation results from a mass balunce:

*
P=pl= Py = Pyp =Pz s (B-1)

Since each Fi can be treated as a ratio of densities as well as a

ratio of mass increments, we can immediately write by definition

% *
Pa1 = Pres Foy = Py Freg By (B-2)
and
* -
Pg3 = Pg Faee = Ps Fae Faee  ° (8-3)

The density of the intermediately formed gas is obtained in somewhat
different fashion because we ultimately express it in terms of the

density of the solid product instead of the reactants, Thus we first

write

Pgp = P +Pp =Py o (B-k)
But P = rc,s N and P = I"r’ g Pge Therefore we obtain
LS - * -
Pgz = (rc,s*rr,s 1)p, = (rc,s "'Pr,s )Py Foe (8-5)

Finally, substituting Eqs. (B~2), (B-3), and (B-5) in (B-1) yields

I i - - % - *. Ly
6= pv(l-FreBpr’)— (rc, B'}rr,s 1) %5 Fse = Ps Fae Faec (B-6J

from vhich we obtain BEqe (4) by combining terums.
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AFFENDIX C
SURFACE RECESSION CALCULATIONS

As the surface tesperature of the thrust chamber wall at the hot gas
boundary increases, several modes of surface removal become possible.
They include melting, vaporization (or decomposition), and chemical
reactions between the wail material and certain combustion gas coupo-
nents, These modes of surface recession were considered in order to be
gble to handle two cases: (1) surface ran&&;al occurs only by melting
and/or veporization, typical of glass-reinforced sblative materials;

(2) surface removal occurs only by vaporization and/or chemical reaction

with the combustion gas, typical of carbon or graphite clotu-reinforced
ablative materials or solid grephite.

For both cases, the energy balance at the hot gas boundary can be
written in the following form, equivalent to Bq. (12) (using

*
G = -Pv,  for each mode i):

K gr'n' 5 = hefﬁ(Taw'Ts) -9 Zv:!.m:!. ? (c-1)
i

where, for case (1) above, “f v, 1s interpreted as
2
VoapSyap * v La, + 3 (cp)m(Ts'Tm) I

*Nomenclature for this Appendix appears at the end of the secticme
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Each of the chemical reaction modes is governed by a "kinetic rate"
equation that defines the temperature dependence., A solution for the
surface recession can therefore be obtaeined by a simultaneous solution

of the energy and kinetic rate equations. A one-dimensional (radisl

coordinate y) » constant-property form of the energy equation can be
written in the form

BZT K o7 or or ‘o
— g = - . c=2)
K‘z-l-yaz(}g(C)g*"q'l'pco.—‘a \G=z/

Integrating Eq. (C-2) from the gas surface ¥, %o a position into the

wall material, given by ALY

pZ viAHi = heff(maw'Ts) + {[K %l 81" Q}S' 'Gg(cp) 8> @"s'ﬁ“l)] O

yields (with Eq. (C-1))

(c-3)
Ygt8y 2
oo Fat/ 1+ @)
v \
where .
2
%'Tg;-%/'“@f') (c=4)

and -:-l'i is & constant in the integration, since y changes only
slightly in the interval (y,, ys+sl). To evaluate the integral of
Ege {C=3) it is assumed that the temperature profile in the wall

R
S 1 diss o \Q} R
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material can be spproximated by the quadratic form,

T & T a(y-y J4b(y=y )%, with coefficients determined by the tempera-
tures at the surface and the first and second mesh points on each
vertical line. ILeitnitz's rule gives

Ng +sl Nf -I-Bl
. 9
T %%““a?T 'NY*'ZHTB (c-5)
ylB . yB
vwhere $v, s defined by Eq. (c-30) or (C-31) below. Then the inte=-
gral on the right side of Eqe. (C=5) cen be obtained as follows:

Jgisy as; bs?_
Tdy = sl('l‘s- ok —5—) ’ (¢c-6)
,,ys

O vhere

[s.T 48,7 ~(8.48.)7, ]
a = (Ts'T]_)/B}_ + 278 172 V'L 72771

sa(sl-l-sz)

(c-7)

and

b= (asl-l-'l‘l-'rs)/si . (c-8)

A forward time difference (which we abbreviate here using the operstor
31.) is used to evaluate the time derivative giving

B Yeisy
L . _ pS\riAH 4= eff(TW--TB)-- {pc[a,r T Tdy + TBZVJ + (a-zbsl}K
. s y ; "

8
+ E('“ - Gzz(?p)g] (Ts'Tl)} / \ll,"‘ @T .

{c-9)
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Tteration is then performed on the value of surface temperature wntil
Eq. (C=9) gives the same recession rate Dv; as the Linetic rate
equation (C-27) discussed below.

MELTING ABLATION

An estimate for the removal of material by melting can be obtained in
simple form only at the axial position for which the surface heating is
& maximm or minimum in whose neighborhood the surface temperature of
the nelt can be consideved constante.

The differential equation governirg the flow of the melt layer can be
written in the following form, neglecting the effect of pressure
gradients (Ref. 17):

) m 3 o' sh
Vi = Vyap = ) . (c-10)
vhere & ds cbtained as the ratio of xgn(azs-mm) and h eﬁ,(ww ~T B)

When the tangential derivatives of heating rate are zero, Eq. (C-10)
chn be written in the a:lmpier forn,.

8.0 .n B'r
V' 2% » (c"'n)

Reynoide® Analogy can be uséd to relate shear stress to the local hest-
ing condsitionss ‘
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T, =5~ ==s ) _ ° (c-12)
sh 2 gc gc cp
e
Therefore
. h 25 &
sh con e (043)
ov “g(t) oV .
c P e

In the throat region of a nozzle, Sauer's Analysis (Ref. 18) can be
used to estimate the velocity gradient, yicelding

r 1/2
e * t 2
= a (I =) [ 1| e . (c-1%)-
v 2r . Z‘r-i-lfrtr p
In addition, the melting rate equation for the throat can be written

ag

n_ pr?/32 1/2

ceon

vv'vvap = -——zm'é-)——— (1+ rc) tm%'?:] . (c-15)

For purposes of the present analysis, we assime that Be. {C-11) holds
for the entire chamber and nozzle regions as well, Finally, the free
stresm velocity gradient is estimated on the basis of cne-dimensional

£1ow to yleld a
?%"’143'

( 5'@977 a.*n* (l 7l *z> sinp

7+L

r (1) )

{c~16)
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For use 4n Eas, (C-10) - (C-16) in addition to the eguations appearing
below, the following parameters are reguired:

- L )
Br =55 (c-17)
by = 5 %2070 45 18 {¢-28)
by = X, exp(-E/ RTB) (C-18e)
(c), = .(.J.,_,fl i (c-19)

(c ) w
As—iEl <20

B onF* {c<20)

ooy
e Nt M
& - @y 7T (c-21)
, FoL
(1 24
w2 -

95 % i Z:l.. N 7-1 b
B, T EL, (1 2 o) (c-22)

7In canputing the amount of surface recession for resc¢ting or vaporizing
materisls, the diffusion of the reactants andfor products of the reac-
tion or varorization through the boundary layer must be congsidered.

For this analysis, a frozen camposition boundary layer is assumed where
the species in question diffuses througn the boundary layor without

reaction. In this cace, the steady stete mass flux of tho species is
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governcd by the following differential eguation {cee Rof, 19), shore
the subgirivt 4 4s omiited for convendence: )

VA
pen%%-pevg%so . 4 {e-23)

For a constant mass d4ffusion coefficient, Eg, {¢-23) has the solution

¥
D
: leg
YTu¥ + (Y1) —TA] - (c-24)
% .

d-g -

As the blowing valocity V approaches zero, we obtadi the following
familiar expression through ddffercutintion of £d. {C-24) and use of
1'Hopital's rule:

L) &

L

% = . {c-25)

s

This combined with s pirtioular integral of Ba. (C-23) yields

py..pav.-fﬁb-(-?:g {c-26)

provided the solution is restricted to V <<D/A 1n the bowmdary layer.

¥When varorization or decamposition occurs as the mode of surface
rezovnl, the diffusing campousnt 4s considered to be the canpraent
vaporized or decouposed st the surtacs. Equation (C-26) 4s used to
cospute the rececsion rate becauce the mole fraction at tke wall 4s
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awm, a3 diseussed 4An the next rcection, Vhen a chemical seaction
ocours between the exhaust gaces and the wall materdsl, the diffusing
compopent As the recctant An the catbustion gas. In this case the mole

fraction of reactant at the wall must be computed.
The recession rate of the smll 4s given by

~BfRT

vzkw‘iﬁe 8 o

In this case the smll concentration is computed fram the Lollowing
velation cbtaived from Egs. {C-26) and (C-27)

{c-27)

of & -/ T,
D=y e . {c-28)
Z;E“ ~§é JV )
Therefore, from £gp. {C-25) and {C-28) we obiain
S /e 51
¥, =7, [3. % 75 I . {c-29)

Eguation {€-28) antomaticalils ccccunts for diffusion limited veactions
4nA gives & cmooth transition between kinetic controlled and ddffusion
controlled reactions. -

In 4ts current forw, the coamputer progrem written to perfora the
surface rececsion esleuintion con éccommedate o maximm of
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three dhemieal reactions occurring dnjepenfently at the materdal
surface, ‘Toial erosion ds computed as the sum of the individudl reac-

tions plus woporization, or meliing plus wavorization,

2":1 - VT {chemiesl reactions) {c-30)
oF
i, =0, {melting) . {c-31) |

When fhe materisl foes mot melt, ani the' exhavst gases are mop-reactive
4o the parent material, surfece removal As assumdl to oceur culy by
weporization {4n the case of graphite) or thermal decomposition {n the
case of Teflon; silicon carbide, ebes).

The geperation of wapor s handled as a .wero-crier reuaction by com-
ﬁmtﬂzg aa egudlibriim yopor pressure, Ihvce data are then nsed o
determine & wapor pressure eswatiom of the form t

~BRT,_ o
Pp ™ %oap® N {C-32)

-~

The latent hest of vaporization {or decamoesition) 4s then cgusl 1o &
znd ‘the rate of purfece rexoval estimated by diffusion of the products :
of deccoposition throudh the bourdary layer using Tie (£-26). ‘ .
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¢

€

Specific heat of wall material

.
e

.. Specific keat at constent pressure .

- Coefficient of mass diffusion ‘
Activation energy of reaction : V',,s

! Mass flow rate per unit area

Enthalpy change during reaction

Thermal conductivity

Mach number

Molecular weight

Pregsure

Prandti number

%?M‘EEN%OMUUG

Universal gas constant

]

W ——— e 8
N

Temperature

Adisbatic wall tempersture

-

i""-a 4
H

Temperature at first interior mesh point

N!a

Temperature at sscond interior mesh point -
Gar velocity

Blowing velocity of ejected gas (= -pv/pe)

< < <o

Moie fraction of ges

7 i ¢ il -
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a¥ Sonic velocity
Co Coefficient of fricticn

£(x,T)  Radial position of hot gas boundsry

Grovitstional counsheut

c

h cony Convective heat transfer coefficlent

heff Effective heat transfer coefficient \
km Constant factor in melt viscosity equation

kvap Congtant fector ln vapor pressure equation !
kw Gongtant faqto: in rate equation

n Normal. coordinate to surface

Yo Radius of curvature of the throat

r, Thra-at redius (value of y &t the throat)

v Noxmal recession rate of surfice (= % [V e (af/éx)z)

X Axial cocordinate

N Radial ccordinate

Greek Letters

B Argle of wall surface

¥4 s;pecific‘ heat ratio of gages

8@ Melt layer thickness

A Rtfective thickress of boundary layer

v Tangential cocrdinate to surfece
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ol . o

Viscoaity
Density
Time

Sheay sirege

Subscripts -

e

B OB ® @

2]

Chodhay copiitions

‘Conditions ot edge of bowsdary leyer

Conditions in gns geuibrated within chiarring ablator
Inlek ranging over modes of wall erdaion
Mel¥ properties or covditions

Gaswliquid fnterface (oi gas-vall interface if no liquid
is present}~-ofien referved t¢ as "surface™ in teitt

8y - Distence fPom surfece to fivst interior mesh point
8, Distance from first to second interior mesh :goint.f' o ;
vap - Vapor properties oy cow;%i%iems‘ / .
v wm. aurfé.ce |

L Free atream corditions
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APPENDIX D

STARILITY ABALYSIS FOR THE IFIFITE DIFFERENCE
AFALCG OF THE LINBAR GONDUCTION EQUATION

A difference schems, such as that obtdined by assvigning values to »

and s in By. (25) above, will be termed stable, for given values of

the space and time increments if initial, ¢runcation, or boundary srroras
fatroduced into the analysis do aot grow without bound as the number of
time steps incrsases., Thus a sufficient condition for stability is that
the ratioc of the total error at the end of any computational atep to

that at the beginning does not exceed one in modulus. A stability
.analysis will ve performed for Eqs (25) for varying r and s »
’detaming which values provide stabie schemes. Stability will be further

chiaragterized as conditional or unconditicnal accoxrding to whether or not

4T
w2

it depénds upon the boundedness of the vatic R =

R \;f\ :h _ ? . _ -
Feing Bj. \{20,,\‘ above and its radial anslog for d,=d,=d,=dy=h, we can
fewﬂtﬁe Eqe {25) in the fullowing form. (the .in}hcfes m and n are
newd o Indicate spatial subscripting rather than 4 and J to avoid

,

\'\wg_eani;usion bolow with the imaginary number % = /=1)3
\.m -
(- 2 2 o fan2 2 2
{v2ted + 88, L = rlRGm)e ) 2T, o (1)

o g If we ignore the effect of boundary conditions and lump all erroys iuntro-
duced into the ansiyais at any point (xm@yﬁ.’fk) into a single varialie,
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¢ then we see that €, n,k will satisfy Ba. (D-1) wiihin teres
?

m,n,k’
of order ha«:-(r-:-s-»l») AT 4 MR, Assuniag a separeted solution for ®nk
9 1 4
(see Ref. 20, for exemple) of the form
im(;pn 1nB h
9ntk X P9q1t’q ' (D-?.)

Pq
where p,q take on integral values, then if we can show that !'np qls 1
‘ i ?
for all p and q this will dmply that —22eL o9, mhig'3s the
m,n,k
sufficient condition stated earlier for stability.
Substituting Eq. (D-2) into (D-1), equating terms of like indices p

and q a.nd eliminating common factors we obtain:

{l-hzﬁ[ra st | }s o, h {m’ A (a-) "z+(1’8) ]} B O
° I (p-3) |

Then uaing the identities
12 ai olBoB . peimoh; 2 -Q% ’ , (p-4)
W B L ety 2 B (0-5)

Eqe {D-3) can ve rewritten in the following forms

. 1-4R[(1-r)sin2 .gb. + (1-5)8in '@'-l (p-6)
* 1wmfr otn? B4 o o1n” &
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We wish to seo when | £1 or -1 s g1, Because r, s £1, we
see that 17 £1 4is satisfied for all permissible valuez of r,s, and

R} M 2«l is satisfied when
R[(l—2r)ain2 &, (1-25)sin? %] <t (-7)

It is easy to see that (D-7) holds for all R >0 if

r, 8 2%, (p-8)

Thus, if r and s satisfy (D-8), Eq. (D-1) determines an uncondition-

ally stable scheme, If r,s <%, then (D-7) holds only for

1 ,
R < i T1-(rie (p-9)

and we hz}ye only conditional stability. We may similarly show ;:hat for
one of the parameters, say r, less than ¥ and s =%, (D-7) is
satisfied wvhen R < '27'1‘.1.?5 and again we have only conditional
stability. These cases cover all possible schemes determined by Eq.
(25) for which r and s are invariant and we therefore see that the
only ones which satisfy the sufficient condition of non-amplification
for all values of R are those given by (D-8).

Thare is znother class of schemes in which values for r and s are
svitched afior every time step, which we term "alternating schemes”s In

particular, we will consider a restricted class of alternating schemes
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. C
for which & = J-r ard r > 4+ in o0dd time steps. The alternating
direction methorijic.f Peacenan and Rachford falls within this class and
"~ is obtained when r =1 and s =0 in odd time steps and »r =0 and
8 =1 din even. To analyze the stability of this restricted class of
alternating schemés, we investigate the following two expressions.. one

for an odd step ard one for an even which are analogous to Eq. (D-6)s

1-43[(1-1' Ysin® 93‘- +r sinz %l
Tae = X ak (2-20)
1+4R|r sin” S+ (l-r Yein = ] .

1-4R} > sin2 93‘-4- (2-r )sin2 E]
Teven = 1+43[(1-r Yoin? B 4 ¢ gin g;]

(p-11)

where » nas the value r o in odd steps ang 1-r in even, It has

already been demonstrated that meither |7,.| nor |1, | are

bounded by 1 for all wvalues of R > 0O but only for values of

R 5-2-(2%:{) and 55&:2;) » respectively. However, it can readily be
shown that |7 .0, o1 <1 forall R>0, provided that R has the
same value in both Eq. (D-10) and Eq. (D-11), i.2., provided that AT

be held constent for two time steps. Therefore, we can assert the
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unconditional stability of a2ll such restricted alternating schemes for
&

solving Eq. (D-1), The simplestfor computational purposes and thero-

fore the one we have chosen is the Peaceman~Rachford method, since it

is the only one which generates tridiagonal system of equations.

#Since the vwriting of this report a stability analysis was performed
covering all possible alternating schemes, removing the restriction
r+ 8 =1, The criterion determined for unconditional stability of
an alternating scheme is r + s 21 provided that esch value of
A7 employed be held constant for at least two time steps. 1t can
further be shown that, when r + 8 <1, the condition on R required
for stability is just insquality (D~9). Clearly, alterna&ing schenmes
provide no advantage over those for which r and a3 are invariant,
with the single exception of the alternating-direction method which is
computa tionally more convanient.
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